Maple 2018.2 Integration Test Results
on the problems in "7 Inverse hyperbolic functions/7.3 Inverse hyperbolic tangent"

Test results for the 71 problems in "7.3.2 (d x)”m (a+b arctanh(c x"n))"p.txt"

Problem 3: Result more than twice size of optimal antiderivative.

J' a + b arctanh(cx)
X

dx
Optimal (type 4, 22 leaves, 1 step):

_ bpolylog(2, -cx) i b polylog(2, cx)

1
aln(x) > 5

Result (type 4, 46 leaves):

aln(cx) +blIn(cx) arctanh(cx) — bdllog(zcx+1) _ bIn(cx) 1;1(cx+1) _ bdllog(cx)

Problem 5: Result more than twice size of optimal antiderivative.
Jf’ (a + barctanh(cx) )2 dx
Optimal (type 3, 99 leaves, 11 steps):
abx " b2 X2 " bzxarctanh(cx) " bx (a +barctanh(cx))  (a —H)arctanh(cx))2 n x (a 4+ barctanh(cx) )2 n bzlrl(—czx2 +1)

28 12 2¢ 6¢ 4c 4 3¢
Result (type 3, 277 leaves):
4 2 2 4 2 2 x} 2 2 _ 2 2 _
xa b” x" arctanh (cx) i b* arctanh(cx) i b” x arctanh(cx) n b~ arctanh(cx) In(cx —1) b~ arctanh(cx) In(cx +1) i b In(cx—1)
4 4 6c 27 4 4t 3

1 cx 1
p21 —1)In[ & —) 1321(-— —)1 |
blln(ex+1) | b2, blin(ex—1) nlex )n( 2 "o L Bn(ex+1)% nl -5ty )nlex+ 1)

3¢ 12 16 ¢* 8t 16 ¢* 8 c*
1 cx 1
b1 -ﬂ+—)1(—+—j
n( 2 2 t 2 2 +abx4arctanh(cx) +x3ab +abx +abln(cx—l) _abln(ex+1)
8t 2 6c¢ 27 4 4

+

+

Problem 6: Result more than twice size of optimal antiderivative.

sz (a + barctanh(cx) )? dx
Optimal (type 4, 116 leaves, 9 steps):

5 2 2 »  2b(a +barctanh(cx))ln[#)
b’x _ barctanh(cx) bx* (a + barctanh(cx))  la+barctanh(cx))? X (a +barctanh(cx))? —cx +1

32 33 3c 3 3

3



2
b polylog| 2,1 — —=——
poyog( —cx—i—l)
3¢

Result (type 4, 269 leaves):
X a? i x> b? arctanh(cx)? i b? arctanh(cx) X i b?arctanh(cx) In(cx — 1)

i b?arctanh(cx) In(cx + 1) +& i b*In(cx —1) _ b?In(cx +1)
3 3 3c 33 33 33 6 6

. 1 cx 1 cx 1
b dilog| £ —) P n(cx — 1 1( —) p*1 (-— —)1 1
L Pinex—1)% “’g[ > "2 n(ex =1 n{ 5=+ _ Pi(ex+1)? | -5ty )Inlex+1)

123 33 6 127 6

RS ILERS)
_ 2 4 2x3abarctanh(cx i abx2 abln(cx—1) abln(cx+1)
63 3 3c 3 3¢
Problem 7:

Result more than twice size of optimal antiderivative.

Jx(a+barctanh(cx))2dx
Optimal (type 3, 69 leaves, 6 steps):

abx b?xarctanh(cx) (a4 barctanh(cx))?

+ x* (a + barctanh(cx) )? + B2In(-Ax2 +1)
‘ ‘ 2¢ 2 27
Result (type 3, 238 leaves):

2 a? n b X2 arctanh(cx)2 " b? arctanh(cx) In(cx—1) b2 arctanh(cx) In(cx 4+ 1) b2 In(cx — 1)2

+ +
2 2 c 27 27 e
B ln(cx —1) ln( CZX +%)

b x arctanh(cx)

2 cx 1
Inl -— 4+ = |1 1
— bzln(cx 1) bzln(cx—i-l) bzln(cx—{—l)2 b ( 2 2) n(cx +1)

47 27 27 8 47

bx abln(cx—1) abln(cx+1)
+x2abarctanh(cx) + 4 + -
47 ¢ 27 27

Problem 9: Result more than twice size of optimal antiderivative.

J (a + barctanh(cx) )2

dx
X
Optimal (type 4, 113 leaves, 6 steps):
-2 (a + barctanh(cx) )2arctanh( -1+ Lj — b (a + barctanh(cx) ) polylog(2, 1 - L) + b (a + barctanh(cx) ) polylog(Z, -1+ L)
-cx+1 -cx +1 -cx +1
2

b? polylog(3, l— —— ) b? polylog(3, -1+ L)
4 -cx + 1 _

-cx+1
2 2




Result (type 4, 700 leaves):

2
) b polylog[3, —%) )
a®In(cx) + b*In(cx) arctanh(cx)? — b* arctanh(cx) polylog[2, _lextl) J + . +1 —b? arctanh(cx)2ln[ fex+ )7 _ lj
-2+ 1 2 -2+ 1
+ b? arctanh(cx)zln(l + _extl + 2 b? arctanh (cx) polylog| 2, ooextl — 2 b? polylog| 3, ooextl + b?arctanh(cx)?In| 1
V- +1 V- +1 V- +1
_oex#l + 2 b? arctanh (¢ x) polylog[2, _extl 252 polylog[3, _exdtl
V-2 +1 V-2 +1 V-2 +1

(cx+1)2_1] : I((CX+1)2_1J }

i
2 _ -
Ibzncsgn[l[w—lj)csgn GEakd 5 alrctanh(cx)2 Ibzncsgn GEakd 3 arctanh(cx)2
AP 41 |4 Lex+1) |4 Lex+1)
AP +1 N AP +1
2 2
I( (cx+1)2 —l)
2 -
Ibzncsgn(l[&—ljjcsgn % csgn c +1 3 arctanh(cx)?
AP+ 1+ (ex+1) 1+ (ex+1)
A +1 AP+ 1
_|_
2
I[(cx+1)2_1] 2
Ibzncsgn ;2 csgn Rabakd 3 arctanh(cx)?
(ex+1) (ex+1)
T T
- cxt . Xt —abln(ex) In(ex + 1) +2abln(cx) arctanh(cx) — abdilog(cx + 1)
—abdilog(cx)

Problem 10: Result more than twice size of optimal antiderivative.
J (a + barctanh(cx) )2

5 dx

Optimal (type 3, 103 leaves, 13 steps):

*P?  be(atbarctanh(cx)) b (a+barctanh(cx)) | ¢t (a +barctanh(cx))?  (a+barctanh(cx))? | 282t In(x) PP An(-2 +1)

+ - + -
1242 6 2x 4 45 3 3
Result (type 3, 289 leaves):
a? _ bzarctanh(cx)2 _ cbzarctanh(cx) _ Ab? arctanh (cx) c4b2arctanh(cx) In(cx+1) c4bzarctanh(cx) In(cx—1) b>

4 4 6> 2x 4 4 1242



452 cx 1
Pln(ex—1)In[ &£ + =
24P In(ex)  APPIn(ex+1)  ARPIn(ex—1)  ARPln(ex—1)2 | € n(cx )“( 2 2) A In(ex+1)>2

3 3 3 - 16 * 8 a 16
4.2 cx 1 4.2 cx 1 cx 1)
bIn| -— + — |1 +1 bIn| -— + — |In| =— + =
n ¢ n( 2 2] n(cx ) _ ¢ n( 2 2 ) n( 2 2 ) abarctanh(cx)  cab Sab i Aabln(ex+1)
_ c4abln(cx—l)
4

Problem 11: Result more than twice size of optimal antiderivative.
J(a + barctanh(cx) )3 dx

Optimal (type 4, 106 leaves, 5 steps):

2 2 2 2
3 3b (a + barctanh(cx)) ln( —J 3b° (a + barctanh(cx) ) polylog(2, 1 - —]
(a + barctanh(cx)) +x (a + barctanh(cx) )3 B cx+1 cx+1
c c c
3 2
3 b° polylog| 3,1 — ————
-cx+1
+
2¢

Result (type 4, 260 leaves):

2 2
30 arctanh(cx)zln(l + M) 3 b arctanh (cx) pOlylog[Z, {ext1)7 ]
@’ x + b3 arctanh (cx)3 x + b arctanh cx) — AP+ AP+
c c .
—2 2
3b3polylog(3’_ (ex+1) ] , ) 6 arctanh(cx) ln[1+w}abz
+ - +1 + 3 arctanh (cx)2xa b? + 3ab”arctanh(cx)” |
2¢ c .
(ex+1)2 5
3p01y10g(2, -————— |ab ,
_ A2+ +3a2barctanh(cx)x+ 3a bln(2—52x2+1)
¢ ¢

Problem 15: Unable to integrate problem.
J(dx)m (a + barctanh(cx) ) dx

Optimal (type 5, 70 leaves, 2 steps):

(dx)1+m(a T barctanh(cx)) bc (dx)2+’"hypergeom( [1,1 + %}, [2 + %],czxz)

d(1l+m) & (1+m) (2+m)

Result (type 8, 16 leaves):



J(dx)m (a + barctanh(cx) ) dx

Problem 20: Result more than twice size of optimal antiderivative.
2
Jx7 (a +barctanh(cx2) )" dx
Optimal (type 3, 111 leaves, 12 steps):

abx? b2 X b2 X2 arctanh(cxz) bx® (a + barctanh(cxz) ) (a + barctanh(cxz) )2 X8 (a + barctanh(cxz) )2 b? In( A+ 1)
+ + 3 + - ; - + .
43 24 4¢ 12¢ 8¢ 8 6¢

Result (type 3, 297 leaves):
b? (Jc8(24—1)1n((:x2+1)2 b (—3x8b1n(—cx2+1)(:4+6ac4xg-|-2bc3x6+6bcx2 +3b1n(-cx2+1))ln(cx2+l) " b2)c8111(-cx2+1)2

326 i 48 ¢* 32
_ abxgln(—cx2+l) i a3 _ b2x61n(—cx2+1) abx® b2t _ bzlen(—cx2+l) i abx? _ bzln(—cxz—i-l)2 i bln(—cx2+1)a
8 8 24c 12¢ 24 8¢ 47 32 8t
+b21n(—cx2+1) _bln(—cxz—l)a +b21n(—cx2—1)
6c* 8¢t 6

Problem 21: Unable to integrate problem.
J}é (a +barctanh(cx2) )2 dx

Optimal (type 4, 132 leaves, 10 steps):
) b (a+barctanh(cx2))ln(;)

b2 _ b? arctanh(cxz) 4 bx* (a +barctanh(cx2)) n (a +barctanh(cx2) )2 I X0 (a +barctanh(cx2)) _ XX +1
6 6 6¢ 6¢c 6 3¢
2
b polylog(Z, 1 - —)
—ex +1

6c

Result (type 8, 18 leaves):

st (a +barctanh(cx2) )2 dx

Problem 22: Result more than twice size of optimal antiderivative.
2
Jx3 (a +barctanh(cx2) )" dx
Optimal (type 3, 81 leaves, 7 steps):

abx? n b? ¥ arctanh (cx?) _ (a —i—barctanh(cxz))2 n x4(a —i—barctanh(cxz))2 " bzln(—62x4+1)
2c¢ 2¢ 432 4 42




Result (type 3, 246 leaves):

P (A =1 (e +1)° | b (bin(-cd+1)E+2ax +2bcP +bn(-c’ +1))In(cP +1) | pPodin(-c2+1)°  abx*in(-cl+1)

+

+

16 & 8¢ 16 4
N 4 PRm(-e +1) + abx® Pln(-c2 +1)* + bln(-cx2+1)a + Pin(-c*+1)  bln(-cx*—1)a N b2 In(-cx*> —1)
4 4c 2c 16 & 4 4 4 4
Problem 23: Result more than twice size of optimal antiderivative.
J(a —G-barctanh(cxz))2 &
©
Optimal (type 3, 80 leaves, 9 steps):
_bc(a—i—barz;anh(cxz)) n A (a +baritanh(cx2))2 B (a —l—barctazlh(cxz))2 +b2021n(x) B bzczln(—fx“—kl)
2 4 x

Result (type 3, 256 leaves):
B2 (Ax* —1 ln(cxz—i—l)2 b(bx*In(-cx® +1)A +2bex® —bln(-cx* +1) +2a) In(c® +1) 1
) I ACEL ) (R (e +1)2 +4bP (e

16x* 8t 16 x
— 1)x4a +4b2c21n(cx2— 1)x4—4bc21n(cx2+l)x4a +4b2021n(cx2+1)x4— 16b2c21n(x) x4—4bzcx21n(—cx2+1) +8abcex’ +b21n(—cx2
+1)2 —4bln(—cx2+1)a+4a2)

Problem 24: Unable to integrate problem.

J (a +barctanh(cx2) )3 dr

e

Optimal (type 4, 115 leaves, 6 steps):

2
3bc(a —l—barctanh(cxz))zln[Z - J
c(a+barctanh(cxz))3 _ (a +barctanh(cxz))3 i cex? +1
2 22 2
3b%¢ (a + barctanh(cx?)) polylog| 2, -1 + 2 ) 3b3cp01y10g(3, -1+ 2 j
_ e +1 _ e +1
2 4

Result (type 8, 18 leaves):

J (a +barctanh(cx2) )3 dr

e

Problem 25: Unable to integrate problem.



J (a +barctanh(cx2) )3 dr

X0

Optimal (type 4, 127 leaves, 8 steps):

3b (a+barctanh(cxz))2 _ 3bc(a +barctanh(cx2))2 n cz(a +barctanh(cx2))3 _ (a +barctanh(cx2))3
4 452 4 4x*

3P (a +barctanh(cx2) ) ln[Z - 2 ) 3b3czpolylog(2, -1+ 2 J

exr +1 _ cx® +1
2 4
Result (type 8, 18 leaves):

_|_

J (a +barctanh(cx2) )3 &

X

Problem 34: Result more than twice size of optimal antiderivative.
Jx“ (a +barctanh(cx3) )2 dx
Optimal (type 3, 111 leaves, 12 steps):
abx b2 x° i b2x33rctanh(cx3) i bx (a +barctanh(cx7’)) (a +barctanh(cyr3))2 4 X2 (a +barctanh(cx7’))2 i bzln( -0 +1)

6 367 67 18 ¢ 12 12 9
Result (type 3, 297 leaves):

b? (x1204— l)ln(cx3 -i-l)2 b (-3x12bln(-cf —|-l)c4+6ac4xlz-|-2bc3xg+6bcx3 +3’b1n(-cx3 +1))ln(cf +1) " blezln(—ch -i-l)2

+
48 ¢ 728 48
_ abxlzln(—cx"—f-l) n a? x'? _ bzxgln(—cf—l-l) I abx’ n b0 _ bz)f’ln(—cf—i-l) 4 abx’ _ bzln(—cx"—f-l)2 _ bln(—cxz—l)a
12 12 36¢ 18c 36 127 6 48 ¢* 124
2 _ _ _ 2 -
+bln( cx’ 1) +bln( cx3+1)a+bln( cx3+1)
9t 12 9t

Problem 35: Unable to integrate problem.
2
ng (a +barctanh(cf) )" dx
Optimal (type 4, 132 leaves, 10 steps):

, 2bla +barctanh(cf))ln[;)

b _ b? arctanh(c;f’) 4 bx° (a -I—barctanh(cx")) n (a +barctanh(cx%) )2 I X (a —l—barctanh(cx%)) —exX +1
9 9¢ 9c 9¢ 9 9¢
2
b polylog(Z, 1 - —)
—exX +1

9¢



Result (type 8, 18 leaves):
ng (a +barctanh(cx3) )2 dx

Problem 37: Unable to integrate problem.

dx
A

J (a +barctanh(cx3) )2

Optimal (type 4, 82 leaves, 5 steps):
2
c(a +barctanh(cx3))2 _ (a+barctanh(cx3))2 i ex® +1

2bc(a4—bmcmnh(a€))1n(2 j bchdybg[Z,—1+- 2 )

e +1

3 30 3 B 3
Result (type 8, 18 leaves):

2
(a + barctanh(cx’))
1 dx
X
Problem 38: Unable to integrate problem.
dx

xl()

J (a +barctanh(cx3) )2

Optimal (type 4, 130 leaves, 9 steps):

B b & i b2c3arctanh(cx3) _ bel(a +barctanh(cx7’)) n l (a +barctanh(cx3))2 _ (a +barctanh(cx3))2
9, 9 90 9 9y

2b¢ (a +barctanh(cf) )In| 2 — 2 ) bzc3polylog(2, -1+ 2 j
ex +1 ex +1

+ 9 B 9

Result (type 8, 18 leaves):

dx

xlO

J (a +barctanh(cx3) )2

Problem 39: Unable to integrate problem.

J (a +barctanh(cx3) )2 dr

2

Optimal (type 1, 1 leaves, 47 steps):

Result (type 8, 18 leaves):



dx

J (a+ barctanh(cx3) )2
x2

Problem 40: Unable to integrate problem.

J}é (a +barctanh(cf) )3 dx
Optimal (type 4, 129 leaves, 9 steps):
3 b? (a +barctanh(cf))ln[;)

b (a +barctanh(cx3) )2 i bx (a +barctanh(cx3) )2 _ (a +barctanh(cx3))3 4 x0 (a +barctanh(cx3)) _ —ex® +1
27 2¢ 6 6 A
3 2
_-b pdybg(z,l P 11 )
2¢
Result (type 8, 18 leaves):
st (a +barctanh(cx3) )3 dx

Problem 41: Unable to integrate problem.

J(a —l—bauctanh(cx”))3 &
x2
Optimal (type 1, 1 leaves, 47 steps):
0
Result (type 8, 18 leaves):
J(a —l—barctanh(cx”))3 &
x2

Problem 44: Result more than twice size of optimal antiderivative.

X

a+b arctanh( £ ]
dx
X
Optimal (type 4, 26 leaves, 2 steps):
b polylog( 2, - £ ) b polylog( 2, £ )
X X

1 —
aln(x) + 2 >

Result (type 4, 62 leaves):



bdilog(1+£) bm( )ln(l+£) bdﬂog(f)
—aln( ) —bln[ )arctanh( ¢ ) + */ o4 2l IV al
X X X

2 2 2

Problem 46: Result more than twice size of optimal antiderivative.

2
qu’ (a —l—barctanh(E)) dx
b
Optimal (type 3, 109 leaves, 14 steps):

2 2
5 bc3x(a+barccoth(£J) bex (a+barccoth(£)) c4(a+barccoth(£)) x4(a+barccoth(£))
b c " c c n c

12 2 6 B 4 4 3
N 2b% A n(x)
3

Result (type 3, 327 leaves):

2 4 c\? 2 ¢ 3,2 ¢ 4,2 ¢ 4
4 0 DX arctanh(—) ch arctanh(—)x3 cb arctanh(—)x c'b arctanh(—)ln(l -I——)
a X n X i X B X X
4 4 6 2

.\ c4b2arctanh(§)ln(§ —1) ) P22
4 4 12

2 2

2c4b21n(£) c4b21n(1+£) cbzln(ﬁ—l) c4b21n(£—1) c“bzln(ﬁ—l)ln(iJrl) c4b21n(1+£)

_ X n X n X n X B X 2x 2 I X
3 3 16 8 16

412 C 1 C 412 C 1 4 C 4 C

_cbln(—2—x+5)ln(l+;)+cbln(—2—+3 1n( )+abxarctanh(;)+abcx3+c3abx_cabln(l+;)
8 2 6 2 4
c4abln(£—1)
X
+
4

Problem 47: Result more than twice size of optimal antiderivative.

¢ 3
x(a +barctanh(—)) dx
X
Optimal (type 4, 125 leaves, 8 steps):

2 3 3
3bcz(a+barccoth(£)) 3bcx(a+barccoth(£j) cz(a-l—barccoth( )) xz(a—l—barccoth( ))
. c T ¢ _ + —3b2c2(a
2 2 2 2

2

o=
o =




1+ =

3P polylog[ 2,-1+
c
X

+
1+ 2
X

+barccoth( X ) j ln[Z -
¢ c
Display of huge result suppressed!

Result (type ?, 5589 leaves):
Result more than twice size of optimal antiderivative.
3

Problem 48:
(a +barctanh( < ))
& dx

X

Optimal (type 4, 196 leaves, 9 steps):
x )2 2
3b (a —l—barccoth(—)) polylog| 2,1 —
c |- <
x ) 2 X
2 (a+barcc0th(—)j arctanh| -1 + +
c |- < 2
x
x ) )2 2 2 X 2
3b(a +barccoth(—j) polylog| 2, -1 + 3b (a +barccoth(—))polylog[3,l— ]
c - < c - <
_ X _ X
2 2
2 X 2 3 2 3 2
3b° | a +barccoth| — | | polylog| 3, -1 + 3 b7 polylog| 4,1 — 3 b7 polylog| 4, -1 +
c c c
1 - - 1 - - 1 - -
X X X
+ + -
2 4 4
Result (type 4, 1630 leaves):
c 2
5 (1 + —)
3 C X
3b arctanh(—) polylog| 2, -————
e \2 X A
3 3 @+—) 1—;
—b3ln(£)arctanh(£) +b3arctanh(£) In| ~—X2 — 1|+
X X X 1__23 2
x2
2
[+
3 arctanh( £)polylog 3, SN 2V
x e
1-= 1+ < 1+ <
x2 3 C 3 X 3 C 2 X
—b arctanh( —] Infl1+————|—3b arctanh(—) polylog| 2, - ————
X x
2 2
1 - 1 - —=
x2




c c
+6b° arctanh(ﬁ)polylog 3, - o - arctanh(gj In| 1 — s -3 arctanh(ﬁ) polylog| 2,
X X
- - -
2 2 2
2
1+5)
3ab2polylog 3, SN VA
1+ < - < 1+ £ 1+ <
3 C X x2 2 X 2
+ 6 b” arctanh| — | polylog| 3, - + 6 a b” polylog| 3, - + 6 a b” polylog| 3, ——
» ) polylog
o< - o<
2 2 2
2
3a2bdilog(l+£) 3a2bdilog(£) ) (1+£j
+ IV Y2 34| £ |arctanh| £ | +3ab?arctanh| £ polylog| 2, - 2l
2 2 X X X . A
2
(1+5j2 1+ < 1+ <
2 2 — =
+3ab2arctanh(£) In| ~—X4— — —3abzarctanh(£) In| 1 + o —6ab2arctanh(£)polylog 2, - o
x A x X
1—; 1_i 1_é
2 2
1+ < 1+ < 3a2b1n(cjln(l+
2 — =
—3ab2arctanh(£) In| 1 - ——— —6ab2arctanh(£)polylog 2, —3a2bln(£)arctanh(£] + 2l
X /7 X 2 X X 2
1 —— 1-—=
2 2
2 3
[+
x
I -1
G
3
Ib3ncsgn ta 5 arctanh(g)
[+ x
X
1+
-2
3 2
2




X
I -1
(1+5)2 -<
3
Ib3ncsgn I —jz — 1] |csgn I 5~ | csgn X 5 arctanh(ﬁ)
X
-3 1+ < (1+5)
X X
1+ 1+
- -
2 2
2

3Iab2ncsgn[l

(5] 1 5 ()
— csgn arctanh| —
R | e
-5
+ 2

2
31ab’n csgn I 5~ | csen 2 5 arctanh( £ )
c c X c
(1+—j (1+—) (1+—
X X 3 X
1+ ——— 1+ 3 b” polylog| 4, -
G e e
.\ 2 2 .\ 2
2 4
1+ <
— 63 polylog| 4, s




2
(1+§)
I -1
2
(1+£) I 1_§ 2
3Iab2ncsgn | —22 csgn csgn arctanh| <
2 2
- < 1+ < 1+ < g
2 X X
1+ 1+
G e
B 2 2
2
2 2
[+5)
X
I -1
c\? e
i 2 ¢y
Ib3ncsgn1 —02 — 1] |csgn 5 arctanh(—)
c .x
1-—= 1+
; L)
e
. 2
2
2 2 2
(1+5) (1+5j
X X
I -1 I -1
Z 2
1-—= 1 -
3 2
Ib3ncsgn ! 5 | csen X 5 arctanh(g) 3Iab2ncsgn 2 2 arctanh[EJ
b x
(1+5) (1+5) (1+5)
X X X
1+ 1+ 1+
G G G
. 2 2 B 2
2 2

Problem 49: Attempted integration timed out after 120 seconds.
N 2
[a —i—barctanh( ;j)
dx

Optimal (type 3, 87 leaves,

7 steps):

b? arccoth (

- .

( a+b arccoth[

X0

C

4

) PR

45

2 i

)

2cx

2¢x

42



Result (type 1, 1 leaves):2?2?

Problem 50: Unable to integrate problem.

2
2 | a + b arctanh < dx
x2
Optimal (type 4, 895 leaves, 80 steps):

2,—1+—2\/? ] 1p2 /Zpolylog[z,l— (1+1) (—x—i-\/?) £
Ve ) Ixtyc N 2 )
3 6 3 3

2 3 /2arctan[L]1n(1 +§] p A3 ﬂarctanh(LJln(l +§J b%éln[l - ?)m(l +£J

c C

3 6
202 /2arctan[LJln[i b /zarctan[i]ln[ (1+1D) (—x+\/?) j 2b2c3/2arctanh[i]ln[ 2\/? j

. ) L xryT) /< Ix4yT B ) \srye
3 3

p> /zarctanh(LJln[ 2 (x+y=c) Ve ] b /zarctan[i]ln[ (=1 (x+/<) j
X ) =) i) ) 5 Lot e

3 3

153 /2 polylog {

[O8)

[O8)

=

e /zarctanh(—Jln 2(x+\/—_c)\/? ] 2023 ﬂarctan[LJln[Z—i
N 3 3(x+J?) (V=<+Jc) ) J?S Ix+c

)m[z_i
x+c

202 /2 arctanh

153 /zpolylog(Z,I—x) 153 /zpolylog[2,l —L

c —Ix—l—\/?

2abc’ /2arctan( LJ
Je

3 3 3
2b2cxln(1 — i) » /Zarctan[LJln(l — i) bg/zarctanh[ij (Za—bln(l - ij) 4b263/2arctan[ 2l
2 J< °) c <)),
3 3 3 3
2 2
4623 /2arctanh[ ] B3 /2arctanh{i) b2x31n[1 +£) b /2polylog[2,—LJ B /zpolylog{Z, LJ
~ . <), S ) J<
3 3 12 3 3
b /zpolylog[2,l——2\/? j b /2polylog[2,—l g 2le ] b /2p01ylog[2,1— 2(xty=c) e ]
+ x—i-\/? _ x—i—\/? _ (\/—c —\/?) (x—i-\/?)
6

3 3

+
o1

=

|
+

S

(Vo) (Ve + /e Ixtye

6 12 6

p> /zpolylog[2,l— 2(x+\/—_c)\/? ) ] e (Za—bln(l—ész 15 /zpolylog[2,1+ (=1 +1) (x-l—\/?) ]
+ +



2 —
153 /2 arctan( = ) 15> /2 polylog[2, ]
Je Je 4abcx
3 * 3 + 3

Result (type 8, 18 leaves):
2
sz [a -I—barctanh(?)] dx

_|_

Problem 51: Unable to integrate problem.

J(dx)m [a +barctanh( é )] dx

Optimal (type 5, 69 leaves, 3 steps):

(dx)'+m [a +barctanh( ]) 2bcd(dx)'1+mhypergeom[ [1, i - %] [% - %

£
x2
d(1+m) I

Result (type 8, 18 leaves):

J(dx)m [a -I—barctanh( é J] dx

Problem 55: Result more than twice size of optimal antiderivative.
2
Jx? (a —l—barctanh(c\/x ) ) dx

Optimal (type 3, 167 leaves, 22 steps):
71 b%x n 32X I b2 n bx /2(a +barctanh(c\/?)) n bx /z(a +barctanh(c\/7)) I bx’' /2(a+barctanh(c\/?))

4200 70 842 60 10 l4c
2 2
_ (a —l—barctanh(c\/?)) +x4(a -I—barctanh(c\/?)) i 44b21n(—czx+1) n ab\x n bzarctanh(c\/?)\/?
48 4 1058 2¢ 2¢

Result (type 3, 395 leaves):

4 2 2 2 2 2 /2 2 /2 2.7 /2
xX'a +ab\/? +b arctanh(c\/?)\/? +71bx+3bx2 +b)«,3 _i_)g ab +b arctanh(c\/?)xg +bx arctanh(c\/?)

4 2¢ 2¢ 4208 70 84 6¢ 6¢ l4c
21 —1 1[”7 l]
n bzarctanh(c\/?)xs/2 n abln(c X —1) B abln(l +c\/?) . bzarctanh(c\/?)ln(l +c\/?) . b n(c * ) 8 2 + 2
10 4c8 48 48 8ch
rf cex L 2l - i] [ﬁ L)
_b ln[ 2 +2)ln(l+c\/?) +b ln[ 2 +2 In 2 +2 +b2arctanh(c\/7)ln(c x—l) +abx5/2 +x7/2ab

e 88 48 10 l4c



abx4arctanh(c\/7) 4 b2x4arctanh(c\/7)2 4 44b21n(c x —1) 4 44b21n(1 +c\/7) 4 bzln(c x —1)2 i bzln(l +c\/?)2

+
2 4 1058 1058 163 16 8

Problem 56: Result more than twice size of optimal antiderivative.

Jx(a +barctanh(c\/7) )3 dx

Optimal (type 4, 194 leaves, 19 steps):
b3arctanh(c\/7) n bzx(a +barctanh(c\/?)) n 2b (a +barctanh(c\/7))2 I bx /2 (a +barctanh(c\/7))2 _ (a +barctanh(c\/?))3

2 27 ¢ 2c 2
4b2(a —l—barctanh(c\/?))ln( 2 J 2b3polylog[2,l— 2 )
_i_x2(a-l—barctamh(c\/?))3 _ 1 —cx _ 1 —cx +b3\/?
2 & & 27
i 3b(a+barctanh(c\/7) )2\/?
27

Result (type 4, 1347 leaves):

2 1 l(c\/? l) 21[_(:\/? l]l(c\/? l) 21[_(:\/? l]l 1
3ab n(c x ) n| —— + > 3ab”In - + 5 |In| =5 + > 3ab”In 5 + > n( +c\/7) 3abzarctanh(c\/?)\/?
- + - +
4t 4 4 3
2
n ab*x’ /zarctanh(cﬁ) B 3Ib3narctanh(c\/?) n 3ab2arctanh(c\/?) ln(c\/?— 1) . 3ab2arctanh(c\/?) ln(l —l—c\/?)
¢ 4t 2 2
5 4b3dilog[l - M 4b3di10g[l + M 5 5
_ b arctanh(cﬁ) _ N, Ax+1 _ J-Ax+1 i 203 arctanh(cﬁ) " b3xzarctanh(c\/7)
2 & & & 2
i b3\/? B b arctanh(c\/;) . b_3
20 2 2
2 2
2
3Ib3ncsgn[1(1;—cmjcsgn I(l +c\/?) 3 csgn I 3 arctanh(c\/?)
—cxtl (l—l—c\/?) (l—i-c\/?)
(-@x+1) |14+ LEevx) 4 ALEevx ) )
_ -Ax+1 Ax+1 _3a bln(l+c\/7)
8t 4
2 2 2
3ab21n(c X —1) Zabzln(l+c\/7) abx /2 3a2b\/7 3b3\/?arctanh(c\/7) b /Zarctanh(cﬁ)
+ + + + + +
8t & 2c 23 27 2c

b arctanh(c\/?) X ab*x 3a2b2 arctanh(c\/?) 3abzx2arctanh(c\/?)2 2ab21n(c x — 1) 3ab21n(1 +c\/?)2
+ + + + +
22 22 2 2 & 8




453 arctanh(c\/?) ln[l — M

4 arctanh(c\/T) ln[l + MJ

+3a2bln(c x—l) _ J-Ax+1 . J-Ax+1
4t & &
3b3arctanh(c\/?)21n M ) )
J-Fx+1 353 arctanh(c\/?) ln(l +c\/?) 353 arctanh(cx/?) ln(c x — 1) a3
— + +
" 2 4 4t 2
1(1+eyx)’ ’ I 2
3Ib3ncsgn 3 csgn 3 arctanh(cﬁ)
(-Ex+1) g reda)” ] g Ureda)”
4 Px+1 Px+1
8
2\2 2 2
3Ib3ncsgn M]csgn[mJ arctanh(c\/?)2 3Ib3ncsgn[mj csgn[mjarctanh(c\/?)2
i J-Ax+1 Cx+1 3 [—Zx +1 -Ax+1
4t 8t
2 2 2
3Ib3ncsgn[%]csgn I(l +C\/7) 3 arctanh(c\/Y)2
o (_sz+1) 1+(1+c—m
i Px+1
8t
2 3 3
3Ib3ncsgn I(l +c\/(7) \/_)2 arctanh(c\/Y)2 3Ib37tcsgn ( I \/_)2 arctanh(c\/?)2
Pt 14 1 +cyx ] 1+ 1 +cyx
_ (- ) Px+1 -Px+1
8 4
3 I 2 2
31b° mesgn 5 arctanh(c\/?) 5 \3
I+M 3Ib3ncsgn[m] arctanh(c\/?)2
i ~Px+1 _ -Px+1
4 8ct

Problem 57: Result more than twice size of optimal antiderivative.

J (a +barctanh(c\/7) )3 &

2

Optimal (type 4, 126 leaves, 8 steps):



3
3bc2(a+barctanh(c\/7))2+c2(a+barctanh(c\/7))3— (a+barctanh(c\/7)) +6b262(a+barctanh(c\/7))ln[2— 2\/_)
X 1 +cyx

2 B 3bc(a+barctanh(c\/?))2

1 +cfx Jx

Result (type ?, 5252 leaves): Display of huge result suppressed!

—3b3£2p01ylog(2, 1

Problem 58: Result more than twice size of optimal antiderivative.

J (a +barctanh(c\/?) )3 dr

b

Optimal (type 4, 194 leaves, 17 steps):
3

b3c4arctanh(c\/?) B bzcz(a—i-barctanh(c\/?)) +2bc4(a+barctanh(c\/?))2— bc(a —i—barctanh(c\/?))2 n & (a +barctanh(c\/?))

2 2x 13 /2 2
3 3 3
- (a—i—barctanh(c\/?)) +4bzc4(a +barctanh(c\/7))ln(2— 2 ]—2b3c4polylog[2, -1+ 2 j— bie
222 I +eyx l+efx ) 2%
_ 3bc° (a —l—barctanh(c\/Y))2
2Vx
Result (type 4, 1373 leaves):
3 3
b3c4arcta;h(c\/7) _ a_3 _ b3arctanh(c\/7) i c4b3arctar;h(c\/7) —2c4b3arctanh(c\/7)2+4c4b3dilog 14 l+c\/7 ]
22 22 Ny
— 44 dilog MJ
J-x+1
2 2
3Ic4b31tcsgn[ I(l—i-—cm J csgn I(l +C\/?) 5 csgn I 3 arctanh(c\/?)2
extl (1 +c/x) (1 +cdx)
(-@x41) |14 TN |4 ALtedx)
-Ax+1 -Ax+1 3c4a2bln(1+c\/7)
+ g + 4
_ 3c4ab21n(80\/7—1)2 —2c4ab21n(1 +c\/?) _ 3c3b3arctanh(c\/?)2 _ 384d%b _ A -Fx+1
2Vx 2Vx 2 (S Pr Al teT A1)
i A -Fx+1 B ca*b . cb3arc‘[anh(c\/?)2 B c2b3arctanh(c\/?) B 3a2barctanh(c\/?) B ?aabzarc‘[anh(c\/?)2 B Fab?
2 (T AT beym 1) 207 22/ 2x 22 22 2x

4 12 2 4,2
+4c4b3arctanh(c\/7) 1n[1 +MJ +4c4ab21n(c\/?) —204ab21n(c b3 —1) _3cab ln(gl +c\/7) _3ca bln(40\/7—1)
-Ax+1



1+c\/7 J
J-Ax+1 n 3c4b3arctanh(c\/7)21n(l +c\/7) . 3c4b3arctanh(c\/7)2ln(c x — l)

2
34D arctanh( cx ) In

2 4 4

2 2
3Ic4b37tcsgn I(l +C\/?) 5 csgn I 5 arctanh(c\/Y)2
(_;Hl)[HMJ ERCE N
-Px+1 -Px+1
8
2\2
3Ic4b31tcsgn M csgn[mJ arc‘[anh(c\/?)2
J-Fx+1 -Fx+1 _3ab? arctanh(cyx ) . 3t ap?arctanh(eyx ) In(1 +cyx )
4 Jx 2
4,12 _ efx 1 4 2| - X l] {ﬁ l)
3t ab?arctanh(eyx ) In(eyx —1) +3c“b tn(eVx l)ln( 2 +2) _3”’[’ l“[ > Tl Ty
2 4 4
4 o efx 1
3cab ln[ 2 + 2 )ln(l +c\/?) _ cabzarctanh(cﬁ) n 3Ic4b37tarctanh(c\/7)2
4 32 4
3 2
31 b3ncsgn I 3 arctanh(c\/y)2 31 b3ncsgn I 3 arctanh(c\/Y)2
o (delx)” Ly tedx)”
“Ax 41 _ -Ax+1
4 4
2 3
5 \3 3Ic4b31tcsgn I(l +c\/?) 5 arctanh(c\/?)2
(1 +cdx) : (1 +cx)
3Ic4b37tcsgn I tedx) arctanh(cx/?) (—czx+1) 1+ —7F7———
Px41 " Ax+1
8 8
2 2
3Ic4b37tcsgn M csgn[%}arctanh(c\/?)2
J-Fx+1 Tex
8
1(1+cyx)’ 1(1+ey%)” ? >
3Ic4b37tcsgn ————— | csgn 5 arctanh(c\/?)
et (-c2x+1)[1+—(1+"¢7) ]
-Ax+1

8



Problem 61: Result more than twice size of optimal antiderivative.

Ja +barctanh(cx3 /2)

X

dx

Optimal (type 4, 26 leaves, 2 steps):

_ b polylog(2, -cx® /2) i bpolylog(2,cx3 /2)
3 3

aln(x)

Result (type 4, 62 leaves):

2aln(cd 72) L 2bIn(ex /2) arctanh(cx® ) bdilog(1 +cx®72)  bln(exd ) In(1 +¢ex* 2)  bdilog(cx® /2)
3 3 3 3 3

Problem 64: Unable to integrate problem.
2
Jarctanh(cx” /2) dx

Optimal (type 4, 2622 leaves, 200 steps):

_1\2/3 1/3 12/ /5
(_1)2/31n[( 1)1+fl_;|-)§/3 H)Jln(l—(—1)2/scl/3\/7) (_1)2/3ln(1_(_1)2/301/3\/7)111[%+( 1) 2c \/?]
) 2273 - 2023

N (=D2 (1= )1+ (=D2AJLAE) (=D B+ A (1 + (=12 AL AYT)
2273 2273
(—y2 [ LA O = B Ny a2 g pyw) (o EEEUHA B oy L2 A /)
B 1+ (—1)27 N 1 —(—1)27
2273 2273
2 /3 l_(—1)2/301/3\/?) 21/
(=281 A4 d A ) (4 (—1)2 A Ayr) Y ln(z 2 (14 (=12 2! AVx)
20273 20273
B2
(—1>2/31n[( STy ﬁ]ln(lﬂ—l)“%mﬁ)
i 2273
1/3 2/3.1/3 _1\2/3.1/3
2 Al EDA = (=2 e ﬁ]l[lﬂ )? e J?]
_( : n[ 1+ (- A i 1+ (—! A
22/
_1)2 /- 2B
(_1)1/31n(1_(_1)1/301/3\/7)111[_( 1)2 3(11+(( 11))2/30 \/?)]

2273



(=12 Bm(1—(=1)2 5 /3\/;)1n[ (=)' By (—1)2 /5 /3\/7J

14+ (-1 A
2273
(—1)2/31n[ 1—(—1)2/3011//3ﬁ]ln[ (C) A4 (12 B
1+ (1) 3 1+ _11/3 ]
262/3 ( ) — (_1)1/3111(1—C)f’/z)ln(l—(_l)l/3cl/3\/?)
2273
(_1)1/31n(1+ xg/z I N (_1)1/31 [_(—1)1/3(1_01/3\/7)
C z)c;(/i (=0 AL AT - 1—(—1>1/3/ (1= (012 AE)
3
a2 ) 27
L+ (—1)' A (1= (=)' A AYY) 1 /3
7 L =0 (=) At AT ) (1 - (—1)! Ad AR
(—1)1/3111(1_ _1\1 /3.1 /3 1 _1\1 /3.1 /3 227
(=)' Be ﬁ)ln5+< N 7 ﬁ]
223 2 + (=) A1 —ed 2 (14 (=) B BYT)
2273
LB /3
(=) Bt +ed 2 (1 + (=1)1 Bl / (—1)1/31n[( N A= AYr)
C 2);21(/3“ DAL AVE) 1+ (-n'7s (14 (=) Al A
2273
(=)' A (=1)!1 /A=l / TN e LAl S s
) A (—1) c 3\/7/)1n(1+(—1)1/301 N (—1) ln[ l—f—l i/3 Jx) Jln(1+(—1)1/3cl A 5)
223 + )
(_1)1/3111[_(_1)1/3((_1)1/34_01/3\/?) 252/3
1 —(=1)273 )ln(1+(—1)1/301/3ﬁ)
2273
! Al )L B
(—1) 3111[5_( ) 2c \/;Jln(1+(—1)l/3cl/3\/?)
262/3 _ (_1)2/31n(1—cf/2)1n(1_(_1)2/301/3\/?)
2273
2B (/3
12 At 48 2) (1 — (=12 / (_1)2/31[_( 2/ (1=d AYx)
C 2);1(2 (122 AVE) ) - (-1)27 (1~ (=1)2 Al A V%)
2273
(—1)2/3111(—(_1)2/3_61 /3\/?)111(1_(_1)2/301 /3\/?) (_1)1/3p01y10g(2’l_ (_1)1/301 /3\/?
287/ + 2 2
2273



1\ /3 1= (=)' B
(1) poblog 2 (1—()—1)i /3 3 (—1)1/3p01y10g[2, L= (=)' AL A
2273 - L+ (=D~
2273
—1)! Bl 1—(—1)1/301/3\/—
(=" Ppolylog| 2 — =" =y (—1)1/3polylog[2,l+ (‘1)1/361/3J7J
22/ + 2 2
o 2023
_1\1 /3 1+ (—=1)! 1/3
e (1—()—1)i /3 Jx (—1)1/3p01y10g[2, L+ (=)' A AYY
22 /3 - L+ (-7
2273
1 1+ (=1)! BB
(1) pobvioe| 2 1—(—1)2 /3 dr (—1)2/31001ylog[2,l - EE Aﬁ)
2273 - 2 2
S/ 227
_ 2/3 1_(_1)2313
(1) poblog 2 1—(—1)2 /3 3 (—1)2/3p01y10g[2, L= (=12 A A
22 /3 - L+ (-1)27
p 2273
(=112 5 polylog| 2, (=D 2= (Z12 AL AT
olylog oA (_1)2/3p01y10g[2’l+ (—1)2 /3 /3\/7J
2273 - 2 2
/3.1 /3 267
123 14+ (—1)2
e (1—3—1)? 7 ﬁj (—1)2/3polylog[2, L+ (=12~ /W?]
22 /5 + 1= (-1)>7
2273
12/ L+ (=112
(1) poblog 2 §+()—1)§/3 ﬁj (—1)2/3polylog[2, (_1)1/3+(—1>2f01 /W?J
_ 1A
2873 262/31“ L _XIH(I—cfﬂ;ln(lJrcx*/z)
_ /2 N\ B LA
ity 001 ety MO T
2
2273
(1= /A (—1)2 B+ B
n(1-c ﬁ)ln( ED. x 1n(1—cl/3\/7)1n(l+cl/i)
_ 2 2 n ]n(]—c'x3 /2)1n(1+cl /3\/?)

2273
2873 223

1 1/3
(14 2) (1 4+ BYx) IH(E_C 2\/7]111(1"‘01/3\/7) In (_11)_:?3_1;.112\/7]1n(1+cl/3\/?)

2273 N +
202/3 202/3



ln( (=1) 2/3 l/3\/_Jln(l+c1 /3\/7) 1n(1+c1 Aﬁ)ln( ~(=1) i 1/3\/_] ln(l—c1 /3\/?)ln (_1)1/3+cl /3\/7

1+ (—1)27 B 1—(—1)1/3 N 14+ (-1 A
2273 2273 2273
1 /3 S(—1)2A - AT _ 1A (-2 A+ Ayx
¥ e ﬁ)ln( A ) MM T ) Al Al A )
2273 2273 4273
D A (= A AR (02 A - (-2 A AYE)T L (—0)2 A (-2 A AYE)
42 /3 42 /3 42 /3
1 1
N (—1)1/3P01yl0g(2,m—61 /3\/;J B (—1)2/3polylog(2,m+c‘ /3\/;J
2273 2273
—1)! B polylog( 2, ———— +¢ /3 j
4 ( ) poyog( 1+(—1)2/3 ¢ PV +xln(1—cx3/2)2 _|_xln(1+cx3/2)2 +1n(1—cl/3\/?)2 +1n(1+cl/3\/7)2
2273 4 4 4273 4273
1/3 _1/ _ 1 /3 _1 A
polylog| 2, % _c 2\/?] polylog| 2, —11_ (c—l)\{?ﬁ polylog| 2, —11+ ((:_1)\{?/3 ) polylog[Z, —11_ 5_1)53 J
- 22/ - 2275 i 2275 " 2273
_1/3 1 /3 1/3 1/3
polylog| 2, ll-i-f—l)z\/i] polylog 2’%4_#) polylog[z,%) polylog[Z,fj%ﬁJ
- 2273 - 2273 - 2275 " 2273
1+ /3\/? 1+ /3\/?
N polylog| 2 — (_1)2/3) ) polylog 2,m
22/ 2273
Result (type 8, 10 leaves):
Jarctanh(cx” /2)2 dx
Problem 65: Unable to integrate problem.
arctanh(cx3 /2)2
dx
e

Optimal (type 4, 2777 leaves, 196 steps):

_ln(l —cx /2)2 B 1n(1 +C)é/2)2 _ 3c4/31n(1—c1 /3\/?) B 04/31n(1 — ! /3\/?)2 i 304/31n(1 +C’2/3X—CI /3\/?)
8% 8x% 2 8 4




2 4 /3 1
304/31n(1+cl/3\/7) _c4/3ln(1+c1/3\/7) +3c4/31n(1+62/3x+cl/3\/;) +c polylog[Z,z
2 8 4 4

4/3 1 - Ayx 4/3 11— Ayx 4 /3 11— Ayx 4 /3 —AYE
¢ 7~ polylog| 2, = (_1)1 /3 - ¢ /7 polylog| 2, 1+ (_1)1 7 B ¢’ /° polylog| 2, — 1)2/3 N ¢ /° polylog| 2 L 1)2/3
4 4 4 4

1/3 1/3 1/3
A polylog[z, 1. Cl/i) A3 polylog[Z, H_C—ﬁj A3 pOlylog[Z 1+c¢ \{?/3 J A3 p01y10g[2 l1+c¢ \é?/3 J
2 2 N 1—(—1) _ (—1) 1—(—1)
4 4 4 4
1+ AYx (-4 (= AYx)
A /3polylog[2 +(_1)2/3 (—1)2 /3 A /3ln[ 1+(_1)2/3 ln(l +(—1)2 /3, /3\/;)

+

4 4
(—1)2 /3¢ /3ln(— (=022 ( e ATE) (44 (2192 A0 AT

1—(—1)27
4
(=028 B(-(=12 B+ AYF) m(1 + (=2 B B YY)
4
(—1)2 A P| - (_1)2/201 /3\/;)1n(1+(—1)2/301 AYx)
4
(—1)2/3c4/31n (_1)1/3_(_1)2/301/3\/?Jln(l-i-(—l)z/sclﬂ\/?)
1+ (-7~
4
N\ B2/ _1\2/3.1/3
2 Ay (D= (=12 e ﬁ]l L+ (=12 Pe ﬁ]
e N e en's
4
(_1)1/304/3111(1_(_1)1/301/3\/;)111[_(—1)2/3(1+(—1)2/301/3\/?))
1—(—1)27
4
(—1)2/304/311’1(1—(—1)2/301 /3\/?) ln[ (—1)1/3+(—1)2/3cl /3\/?]
1+ (-1
4
(L1)2 /g S Lo (=12 P /W?Jln[ (=)' A+ (=12 A ”ﬁ]
1+ (—'7A 1+ (- A L (=DAE A — e A (1= (=) A A V)
4 4




(—1)1/304/31n - (_1)1/3(1_01 /3\/;) ]ln(l—(—l)l/3c1 /3\/7)

(=)' A BAm( 4+ 21— (=)' AL AYT) 1 —(—)' A
4 4
(i A A LED AU 2V (o Ly sa )
1+ (—1)!7A
4
N\ A4S B 1 (=)' A AT
(= A A=) A d AT ) (1= (-1 A Ayr) T e (1 — (1)1 #e ﬁ)ln[er 2
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Result (type 8, 14 leaves):
arctanh(cx?’ /2)2
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et

Problem 66: Unable to integrate problem.

Jarctanhf;x” /2)2 &

Optimal (type 4, 2632 leaves, 160 steps):
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(—1) & polylog| 2, 1+(_1)1/3 ) (—1) & polylog| 2, 1_(_1)2/3
2 2
_(_1\2/3.1/3
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Alm(1-—¢ AYx) In (=)' By /35] A1 /35)111[ (—1)1 /3 1/3J_]
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Result (type 8, 14 leaves):

dx

arctanh(cf /2)2
x2

Problem 67: Unable to integrate problem.
sz (a + barctanh(cx?) ) dx

Optimal (type 5, 60 leaves, 2 steps):

34n 3(1+n)
bend+h ([1 , ,czw)
x> (a + barctanh(cx")) _ o ypergeata 2n 2n
3 3(3+n)
Result (type 8, 16 leaves):
sz (a + barctanh(cx?) ) dx
Problem 68: Unable to integrate problem.
Ja+barctanh(c;€1) d
x2
Optimal (type 5, 63 leaves, 2 steps):
_ -1 +n 3 1
b 1+nh 1 =
-a — barctanh(cx") _ cnx ypergeom([ T on Il2 2n )

X 1—n



Result (type 8, 16 leaves):

Ja + b arctanh (cx") d

v

Test results for the 17 problems in "7.3.3 (dte x)”"m (at+b arctanh(c x"n)) " p.txt"

Problem 1: Result more than twice size of optimal antiderivative.

J(ex+d)4 (a + barctanh(cx) ) dx
Optimal (type 3, 137 leaves, 6 steps):

bde (22 d* +&) x be2(10c2d2+e2)x2 bde x> (ex+d)> (a + barctanh(cx) ) +b(dc+e)51n(—cx+1)
P 10 3c 200 Se 100 e
_ b(dc—e)’In(cx+1)
102e

Result (type 3, 394 leaves):
ad® be4x2 belncx+1) beln(x—1)+b1n(cx+1)d4 bln(ex—1) &

L b & arctanh(cx) X° L bin(ex—1) d> | barctanh(cx) d°
Se 103 10 10 2¢ 2¢ 5 10e Se
5 4 2 3 _ 3
-—émgﬁiili-+bmamMcﬂxd{+a?fd+2a¥x%ﬂ+2aefd3+Eﬁﬁi+axf4—béﬁd _lwlMcx+1ﬂi+bemuw 1) d
10e c 24 A
;. beln(e );_1 beg’lnz"_l)d beln(c:;” 4 ben ";“)d +b & arctanh(cx) ¥*d + 2 b P arctanh (cx) © &
C C

+

3 3 3 4 4
+ 2 bearctanh(cx) 2 + 22€4x | bedx bdex | be'x
c & 3¢ 20 ¢

Problem 2: Result more than twice size of optimal antiderivative.

J(ex—l—d)z (a + barctanh(cx) ) dx
Optimal (type 3, 88 leaves, 6 steps):

bdex be2x2 (ex+d)3 (a + barctanh(cx)) N b(dc+e)dn(-cx+1)  b(dc—e)’In(cx+1)

¢ 6¢ Je 6 e 6
Result (type 3, 217 leaves):

3 3 _ 3
"i"} +aexld+axd + ‘;d + bezar“tagh(”))‘s + bearctanh(cx) ¥ d + b arctanh (cx) xd® + bar"tal;h(”)d + bzzxz 4 bdex | bln(c’; 1)d
e e C C e

N bln(ex—1) d? 4 beln(ex—1)d bn(cx—1)  bln(ex+1)d N bin(cx+1)d*  beln(cx+1)d | bln(cx+1)
2c 22 6 6e 2c 27 6




Problem 4: Result more than twice size of optimal antiderivative.

J(ex+d)2 (a + barctanh(cx) )2 dx

Optimal (type 4, 241 leaves, 15 steps):

2abdex | b*@x _ bp*Carctanh(cx) | 2b?dexarctanh(cx) | b (a+barctanh(cx))

n (32 d* +¢*) (a+ barctanh(cx) )?

+

+

c 37 33 c 3¢ 33
d (dz + ﬁ] (a + barctanh(cx) )? b(3EPE + ) (a+barctanh(cx))1n(L)
e N (ex+d)? (a +barctanh(cx))? —ex+1
e e 33
2
b? (32 d? + &) polyl (21——)
P deln(-Zx* +1) ( +¢) polylog| 2, -ex+1

+ —
& 33

Result (type 4, 1049 leaves):

Predin| -= + — | In(cx +1
¢ (z 2)“” ) W earctanh(cx) In(cx—1)d  b%earctanh(ex) In(ex + 1) d

2abdex 4 szdexarctanh(cx)

¢ ¢ 27 A 2
1 cx 1 cx 1
p*edin(cx—1)1 +— b? d1(-—+—)1(—+—)
+abeln(cx—1)d _ abeln(extl)d _ et )n( 2 2) + i W 2)"\ 2 2 +2abearctanh(cx) X2 d
¢ ¢ 2J 27
1
P dIn(ex —1 1(%_,__)
+b2arctanh(cx)1n(cx+1)d2 +ab1n(cx—1)d2 L abln(ex+1)d abe2x2 n(ex— 1) In| == + -
c c c 3¢ 6e
1 cx 1 cx 1
b & In| - S* —)1 (— —) P [—— —jl 1
4 n( 2 +2 n 2 +2 _ n 2 +2 n(ex+1) +b2arctanh(cx) ln(cx—l)d3 _ bzarctanh(cx) ln(cx+1)a’3

6e 6e 3e 3e

bzezln(cx—l)ln(% +%]

2abé*arctanh(cx) X abln(cx+1)d® | 2abarctanh(cx) d® | abln(cx—1) &

2 2 _ _
+ 3 + b* earctanh(cx) 2d P + 1o + 1o 3
1 cx 1
Pl -+~ )1(—+—) bzezl(———lr )1 +1
B ( 2 "2 )M 2 T2 N , T hlextD) | P Parctanh(cx) In(ex— 1) b*arctanh(cx) Incx +1)
6 6 3 3
N abéIn(cx —1) N abéIn(cx+1) N P eln(cx+1)d N b eln(cx—1)d N b?edln(cx +1)2 N b2 edIn(cx —1)2 L b? & arctanh(cx) X
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b>d*1 —1)1 b d*1 (—— —)1 ( —) b d*1 (—— —)1 1
B n(ex=1) n( , 2) ~ T L e N | -5 Ty hlex+1) | bParctanh(cx) In(ex—1) &
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. 1
p? & dil (ﬂ+—)
B Earctanh(cx) P lIn(ex+1) | HPlIn(ex—1)2 Bl T2 ) B ln(ex+1)?
3 6 1273 3 123

+ 2 abarctanh(cx) xd> +d*exd+



b2 & dilog( % +

B*dIn(cx+1)?

1
N b In(cx—1) 2 ) P dPIn(ex+1)? N B*d®In(cx —1)?

+ b? alrctanh(cx)zxd2 +

63 c 4c¢ 4¢ 12e
2 2 3 2 3 _ 2 2 3 2 2
b?arctanh(cx)?d® | B dIn(cx—1) ad b A x el 4l AxX
3e 12e 3e 32 3

Problem 5: Result more than twice size of optimal antiderivative.
J(ex+d)3 (a + barctanh(cx) )* dx

Optimal (type 4, 580 leaves, 29 steps):
3ab*déx | BPx bPSarctanh(cx) | 3b’dPxarctanh(cx) | b % (a+barctanh(cx))  3bdé (a+barctanh(cx))?

+ + +
A 4c 4c A 4 2¢
N be (a + barctanh(cx))? + 3be(62d* +¢) (a +barctanh(cx) )? + 3be(62d* +¢)x(a+ barctanh(cx))?
4 4t 473

3bdéx® (a +barctanh(cx))? | be x> (a +barctanh(cx))? | d(PFd*> +¢) (a + barctanh(cx))?>

+ + +
2¢ 4c l
b?& (a + barctanh(cx) ) ln[ 2 )
_(fd+62P S+ ) (a+barctanh(cex))? 4 (ex+d)* (a +barctanh(cx))? —ex+1
4cte de 2
2 2

30%e (62 + &) (a—l—barctanh(cx))ln(TH) 3bd (P + &) (a—i—barctanh(cx))zln(T_H) Pl m( -2 1)

- - +
27 3 27

b3e3polylog[2,1—#) 3b3e(6c2d2+e2)polylog(2,1—L)

_ -cx+1 _ -cx+1
4 4
362d (A + &) (a + barctanh(cx) ) polylog(z,l - #) 3034 (2 +ez)polylog(3, - L)
-cx+1 -cx+1
n 3 T 3
c 2¢

Result (type ?, 6148 leaves): Display of huge result suppressed!

Problem 6: Result more than twice size of optimal antiderivative.
J(ex+d)2 (a + barctanh(cx) )* dx

Optimal (type 4, 373 leaves, 20 steps):
ab®Px N b & xarctanh(cx) N 3bde (a +barctanh(cx))?  bé? (a + barctanh(cx))? L 3bdex (a + barctanh(cx))?

2 2 2 28 ¢




3¢
d| &+ (a -I—barctanh(cx))3
L b@x (atbarctanh(ex))? | (3d% +¢) (a+barctanh(ex))® ( & ]  lex+d)? (a+barctanh(cx) )’
2¢ 33 e 3e
2 2
6b2de(a+barctanh(cx))ln(m) b(3Ad*+ &) (a+barctanh(cx))21n(m) B (-2 1)
- - -
e A 20
3b3depolylog(2,l—L) P (32 +) (a +barctanh(cx))polylog(2,l—L) b (3c2d2+ez)polylog(3,l—L)
_ -cx +1 _ -cx +1 " -cx +1
e A 203

Result (type ?, 4635 leaves): Display of huge result suppressed!

Problem 7: Result more than twice size of optimal antiderivative.

J(ex—i—d) (a + barctanh(cx))> dx
Optimal (type 4, 232 leaves, 14 steps):

3be (a+ barctanh(cx))? (dz + é) (a + barctanh(cx) )’

, 3bex(a+barctanh(cx))® | d(a+barctanh(ex))® &
22 2¢ c 2e
2 2
36%¢ (a +barctanh(cx) ) In[ —2— | 3bd (a + barctanh 21(—)
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3 2 D) 2 3 2
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_ -cx+1 _ -cx +1 n -cx + 1
22 c 2¢
Result (type ?, 12529 leaves): Display of huge result suppressed!
Problem 8: Result more than twice size of optimal antiderivative.
(a + barctanh(cx) )3 &
ex+d
Optimal (type 4, 260 leaves, 1 step):
3 2 3 2c(ex+d) 2 2
(a + barctanh(cx) )° In (a + barctanh(cx) )” In 3b (a + barctanh(cx) )“polylog| 2,1 —
_ cx+1 I (de+e) (cx+1) i cx+1
e e 2e
3b(a +barctar1h(cx))zpolylog(Z, 1 - 2¢(ex+d) ] 367 (a +barctanh(cx))polylog(3, 1 - 2 ]
(de+e) (cx+1) cx+1
- +
2e 2e
2c¢(ex+d) ) 3 ( ) 3 ( 2c¢(ex+d) )
3b? (a + barctanh lylog| 3,1 — 3 b3 polylog| 4,1 — 3 b3 polylog| 4,1 —
_ (a arcta (cx))poyog( (de+e) (cx+1) 4 boylog cx+1) bolyog (de+e) (cx+1)
2e 4e 4e

Result (type ?, 2366 leaves): Display of huge result suppressed!



Problem 9: Result more than twice size of optimal antiderivative.

J(a+barctanh(cx))3 i
(ex+d)?
Optimal (type 4, 501 leaves, 9 steps):
2 2 2
tanh 2In| —— tanh 2] 2
] (a+barctanh(cx))3 . 3bc(a+ barctanh(cx)) n( p—— ) B 3bc (a+ barctanh(cx)) n( P ) . 3bc(a+barctanh(cx) )“In v
e(ex+d) 2e(dc+e) 2(dc—e)e Ad: -2
~ 3bc(a +barctanh(cx))21n( (dcz—cl-(ee)x(-c’:_xd-)i-l) ) . 3b2c(a+barctanh(cx))polylog(2,1—#)
P 2e(dc+e)
3b%¢ (a +barctanh(cx))polylog(2,l— ) 3b%¢ (a +barctanh(cx))polylog(2,l— 2 )
4 cx+1 _ cx+1
2(dc—e)e R
3b%¢ (a + barctanh(cx) ) polylog(2, 1 - 2¢(ex+d) ) 3b3cp01ylog(3, 1 - L) 3b3cp01ylog(3, 1 - 2 )
4 (de+e) (cx+1) _ -cx+1 4 cx+1
2L _2 d4e(dc+e) 4(dc—e)e
2 2c¢(ex+d)
383 cpolylog( 3,1 — 353 cpolyl (3,1— j
cpoyog( cx+1) cPoyiog (de+e) (cx+1)

- 2 (Al —2) " 2 (A — &)

Result (type ?, 3719 leaves): Display of huge result suppressed!

Problem 11: Unable to integrate problem.
J-(ex+d) (a +barctanh(cx2) )2 dx

Optimal (type 4, 900 leaves, 77 steps):

Ibzdpolylog[Z,l— (140 (1=x/<) J Ibzdpolylog[2,1+ (=141 (1+x/)

e(a+barctanh(cxz))2 i ex? (a +barctanh(cx2))2 _ 1 —1IxJc _ 1 —1xJc
2¢ 2 2\/? 2\/?
25 darctanh (x c)ln[—z J

_ bzdxln( —cx2+1)ln(cx2+1) i Zabdarctan(x\/?) _ 2abdarctanh(x\/?) i e Je 1 —xJc

2 Ve Ve Ve
2b%d rtn(x c)ln[;) szdrtn(x c)ln[;] 2 b* d arctanh(x /¢ 1n(;)

B orctan{x /e 1 —1Ixye + orctan{xy/ ¢ 1+IxJ/c ) arctanh (x€) 1 +xyJc

Ve Ve Je

_ bzdarctan(x\/?) In( —ex? + 1) i bzdarctanh(x\/?) In( —ex? + 1) I bzdarctan(x\/?) ln(cx2 +1) _ bzdarctanh(x\/?) ln(cx2 +1)

Ve Ve Ve Ve




b2 darctan(x < ) 1n( (1 +D (1-xy<)

bzdarctanh(x\/?)ln[_ 2(1 —x\/—_c)\/? J

i 1 —1IxJc i (\/—c —\/?)(l+x\/?)
Je Je
bzdarctanh(x\/?) ln{ 2 (1 txy ¢ ) Je ] bzdarctan(x\/?) ln[ (=1 (1 +x\/?) ) Ibzdpolylog(Z, 1 - ;)
i (\/—c -in/?)(l—i—x\/?) n 1 —1Ixyc n 1 —Ixc
Je Je Je
2 2
Ibzdpolylog[Z,l ——) be(a +barctanh(cx2))ln[—j 2
- 2
+ Ltlv/e - ex ¥ 1 —abdxn(-¢cx*+1) +abdxln(c® +1) + 16 darctan(x\/?)
Je ¢ Je
) ) bzdpolylog 2,1+ Z(I—xv—c)\/? ]
4 bzdxln(—cx2+1) +b2dxln(cx2+l) _ (\/ -c —\/?) (l+x\/?)
4 4 2\/?
bzdpolylog[Z,l— 2(1+x, —c)\/? ] 5 bzdpolylog[Z,l—;J bzdpolylog(Z,l—;)
_ (\/ -c —h/?) (l—i-x\/?) _ bzdarctanh(x\/?) I 1 —xyc n 1 +xyc
2\c Je Je Je
bzepolylog(Z, 1 - xz;)
- e A1 +d’dx
2¢
Result (type 8, 20 leaves):
J(ex+d) (a +barctanh(cx2))2dx
Problem 13: Result more than twice size of optimal antiderivative.
a+barctanh(c\/7) d
-Ax+1
Optimal (type 4, 70 leaves, 5 steps):
) 2(a —i—barctanh(c\/?))ln[;] bpolylog(Z,l—;]
~ (a—i—barctanh(c\/?)) n 1 —cx n 1 —cx
b 2 2

Result (type 4, 185 leaves):

_aln(c X —1) _ aln(l +c\/?) _ barctanh(c\/;)ln(c\/?—l) _ barctanh(c\/T)an +c\/;) ~ bln(c — _1)2 N bdilog(

c\/?+%J

’ : ¢ ¢ 4¢

2
2



+Mﬂcx—0m[ﬁ7+%} me+N_) % efx z)mpi;+%} b%~ﬂ: )mh+w_)

2
20 4c 20 - 20

Problem 14: Result more than twice size of optimal antiderivative.

a -I—barctanh(c\/?) dr
xz(-czx—%l)

Optimal (type 4, 105 leaves, 9 steps):

2
bczarctanh(cﬁ) + 4 —barctanh(cﬁ) + e (a +barct[e)1nh(c\/7)) +2¢2 (a +barctanh(c\/7) ) ln(2 - ;\/_] —bczpolylog(z, -1
by 1 +cyx
+__£__)_££
1 +cfx Jx

Result (type 4, 314 leaves):

—% +2c2aln(c\/?) —czaln(l +c\/?) —czaln(c x — 1) - barctan};(c\/?) +2c2bln(c\/?) arctanh(c\/?) —czbarctanh(c\/?) ln(l +c\/?)

—czbarctanh(c\/?) ln(c x — 1) + czbln(12+c\/7) — czbln(czx _1) _ be —czbdilog(l +c\/7) —czbln(cﬁ) ln(l +c\/7)

X

_gbmmﬂcJ;)_c?mdcf?—1)2+é%dm%[c£;_+%J4_8bm&J?—dl [cg_ ] gbmﬁij—)
L) o oL

Test results for the 143 problems in "7.3.4 u (at+b arctanh(c x))"p.txt"

Problem 10: Result more than twice size of optimal antiderivative.

J(dxc+wﬁ3(a—%bmcmMﬂcx))dx
Optimal (type 3, 78 leaves, 4 steps):

bd (ex+1)2 | bd (ex+1)> | & (ex+1)* (a +barctanh(cx)) | 2bd>In(-cx+1)
4c + 12¢ + 4c +

bdx +

c
Result (type 3, 161 leaves):

3.4 3 3
cxtad +c2x3ad3+3cx2ad

3 3 4 3
+axd + cia + cbd arct:nh(cx)x +c2bd3x3arctanh(cx) + 3chd arc;anh(cx)xz +bd3xarctanh(cx)
c




b d° arctanh(cx) +52bd3x3 +cbd3x2 +7bd3x 2bdIn(cx—1)

4c 12 2 4 *

_|_

c

Problem 16: Result more than twice size of optimal antiderivative.

J a + b arctanh(cx)
x(dxc+d)

Optimal (type 4, 44 leaves, 2 steps):

2 2
(a + barctan (cx))n( cx—i-lj _bpoyog( ’ +cx+1)
d

2d
Result (type 4, 155 leaves):

aln(cx) aln(ex+1) b arctanh(cx) In(cx) barctanh(cx) In(cx + 1)
— + —

d d d
bln(—%+%)ln(cx+l) bdﬂog(%+i

4 2) _ bdilog(cx+1)  bln(cx)In(cx+1)  bdilog(cx)
2d 2d 2d 2d 2d

cx 1 cx 1
bin[ -2 + = [ &£ + =
L bln(ex+1)% “( 2 2)“(2 2]
d 4d 2d

Problem 17: Result more than twice size of optimal antiderivative.

J' a + b arctanh(cx)
X (dxc+d)

Optimal (type 4, 139 leaves, 12 steps):

_be I bczarctanh(cx)

2
2 (a + barctanh 1(2— ]
-a —barctanh(cx) ¢ (atbarctanh(cx)) _ bPIn(x) | bAn(-E2+1) (a+barctanh(cx) ) In cx+ 1
2dx 2d 2x%d dx d 2d d
2
b & polylog| 2, -1
_ poyog( ’ +cx+l)
2d
Result (type 4, 285 leaves):
_a czaln(cx) ca czaln(cx+1) _ barctanh(cx) i czbarctanh(cx) In(cx) I cbarctanh(cx) czbarctanh(cx) In(cx+1)
2d2 d dx d 2d3? d dx d
L 3Zbn(ex+l) | Pbin(ex—1) _ be _ Pbln(ex) _ bdiloglex+1) _ Zbln(ex) In(ex+1) _ bdilog(ex) | bin(ex+1)2
4d 4d 2dx d 2d 2d 2d 4d
czbln(—ﬂ—i-l)ln(ﬂ-i-lj c2b1n(—ﬂ+i)1n(cx+1) czbdilog(ﬂJrlj
22 2 2 22 2 2
+ 7 - +

2d 2d



Problem 24: Result more than twice size of optimal antiderivative.

J (dxc+d)? (a + barctanh(cx) )?
X

dx

Optimal (type 4, 268 leaves, 19 steps):

2 2 2 2
abed s+ b cd xarctanh (cx) + 244 +ba;°ta“h(”)) T 2cdx (a+barctanh(cx) )2 + SLX (4 +b2ar°ta“h(”)) —2d (a
2 210
+barctanh(cx))2arctanh(—1+#J —4bd2(a +barctanh(cx))ln( 2 ) + b d” In 02x2+1) —2b2d2p01ylog(2,l—L)
-cx +1 -cx + 1 2 -cx+1
5 5 bzdzpolylog(3, 1 - %)
—bd* (a + barctanh(cx) ) polylog(2, 1 — —) +bd* (a + barctanh(cx) ) polylog(2, -1+ ) + €x
-cx + 1 -cx +1 2
2
B2 & polylog| 3, -1 +—)
_ poyog( -cx + 1
2
Result (type 4, 1081 leaves):
2 2 2
% + & b2 arctanh (ex) 2 In(cx) —dzbzarctanh(cx)2ln( lex+ )7 _ 1) + B arctanh(ex)2Inf 1+ —<XFL
G+ Ny
+ 2 d? b? arctanh(cx) polylog(Z, —&] + d* b* arctanh(cx)?In| 1 — LJ + 2 d? b? arctanh (¢ x) polylog[2, _ex+l
J-FP+1 -2 +1 V-2 +1
2
—d* b? arctanh(cx) polylog[Z, —%J — 447 b? arctanh(cx) In| 1 + Alextl) —4d7p? arctanh(cx) ln{l - M] - dzabdilog(cx
KRR J-@2 +1 J-E2+1
— 2 2
+1) —dabdilog(cx) + S“bln("zx Nd 3“bln(czx+1)d +2dlexd
I[ (cx+1)2 _1] 2
2 -
Idzbzncsgn[l(M —l}jcsgn e +1 5 arctanh(cx)2
-2+ 1 (ex+1)
1+ =
_ AP+ 1
2
1[ (ex+1)2 _1) 2
1d? bzncsgn I 5 | csen Rabahd 3 arctanh (cx)?
|+ (ex+1) 14 (cx+1)
AP +1 AP +1

- +2d?abarctanh(cx) In(cx)




I( (cx+1)2 _1) 3
A1

1d*b*n csgn 3 arctanh (cx) 2
(cx+1)
el
+ - > + +d2abarctanh(cx) AP + 4 a b arctanh(cx) cxd? —dzabln(cx) In(cx+1)
2 12 2
+ 40 a“’tan;(”) CX ) R arctanh(ex)? exd? +abedx + b e varctanh(cx)
[ (ex+ 1)2 _ 1]
2 -
Idzbzncsgn[l ( lex+1)7 1}] csgn % csgn e +1 5 arctanh(cx)2
AP+ (ex+1) (ex+1)
1+ —szz 1+ —C2x2
+ - +1 X+l +d?a?In(cx) —2d2b2polylog[3,
2
dzbzpolylog[Z», —%J - )
o ex+1 ]—2d2b2polylog(3, cx+1 ]+ . - + 1 n 3d°b arcztanh(cx) —4d2b2dilog[l 4 [(cx+1)
J-ExF+1 J-ExF+1 J-ExF+1
2
4P dilog[ 1 — LXTD ) 2020 canh(ex) —dzbzln(l + M)
Ny PR ]
Problem 25: Result more than twice size of optimal antiderivative.
dx

J (cdx +d)? (a +barctanh(cx) )>
x2

Optimal (type 4, 283 leaves, 17 steps):

_ d* (a +barctanh(cx) )
X

2
-cx+1

2
2cd2(a —i—barctanh(cx))2 +c2d2x(a +barctanh(cx))2—4cd2(a -I—barctanh(cx))zarctanh(—l + ) —2bcd2(a

2
cx+1

L)—zbccﬂ(a
-cx+1

2
-cx+1

+ b arctanh(cx) ) ln[ j +2bed (a + barctanh(cx) ) 1n(2 - ) - bzcdzpolylog(2, 1 -

2
-cx+1

2
-cx+1

) —bzcdzpolylog(Z, -1+ 2 )
c

+ b arctanh(cx) ) polylog(2, 1—-
x+1

) +2bcd* (a +barctanh(cx) ) polylog(z, -1+

+bzcd2polylog(3, 1 - 2 ) —bzcdzpolylog(S, -1+ LJ

-cx +1 -cx+1
Result (type ?, 6038 leaves): Display of huge result suppressed!

Problem 26: Result more than twice size of optimal antiderivative.
J (cdx+d)? (a +barctanh(cx) )>

dx
W

Optimal (type 4, 374 leaves, 28 steps):



AP

b* 3 darctanh(cx)  bed® (a+barctanh(cx))  3b*d (a + barctanh(cx)) N 293 d (a + barctanh(cx) )2

3x + 3 32 X 6
3 2 3 2 3 2
_ d’ (a tbarctanh(cx))®  3cd’ (a +barctanh(cx) ) 32d (a + barctanh(cx) ) —2c3d3(a+barctanh(cx))2arctanh(—1+ 2 j
30 2.2 X -cx +1
3RAP (-2 4 1) 20bé%ﬁ(a-%bmcmmucx))m(z—- a_l) )
+302 3P In(x) — 2240 + €x — b d (a + barctanh(cx)) polylog(2, 1 — —)
3 -cx+1
1002343 polylog(2, -1+ 2 J Pd polylog(3, 1 - #)
3 3 2 cx+1 -cx + 1
+bc’d” (a+ barctanh(cx) ) polylog| 2, -1 + - +
-cx+1 3 2
2
b% & & polyl (3,-1+—)
_ © 4 PoyioE -cx+1
2
Result (type 4, 1336 leaves):
I( (cx+1)2 _1] 2
2 -
Ic3d3b2ncsgn[l[w—1])csgn ot 1 5 arctanh(cx)?
-2 41 |4 Lex+1)
i AP +1
2
I( (cx—l—l)2 _1) 2
13d bzncsgn ! 5 | csen et 3 arctanh(cx)?
1+ (cx+1) |+ (cx+1)
AP+ 1 A2+ _ 3dab _ cdab _ 3cd3bzarctanh(cx)2
2 x 3.7 247
322 372 322 2
_cd’ b7arctanh(cx) 3EPD arctanh(cx) 3EPD arctanh (cx) 123 P bzarctanh(cx)polylog 2 - cx+1
3 x x Nraay
203 @ b arctanh (cx) In[ 1 + &J
[ 33,2 [
+c3d3b2arctanh(cx)21n[1 Xt ) 3B abdilog(ex) + . detl ) SR A
J-ExF+1 3(-V"@2H1 +ex+1)
312 [ _
+ &b GEakd +J34 bzln(cx) arctamh(cx)2 +J3d bzarctanh(cx)zln 1+ LJ —3dPb? arctanh(cx) polylog(Z,
(V2221 +ex+1) Ve
2 2 33
_lext 1) ] & b2arctanh(cx)21n[ fex+1)7 1] +284° bzarctanh(cx)polylog 2, cx + 1 + 20cd a3bln(cx)
AR 1 AR 1 J-22+1
llc3d3abln(cx+l) _ 29c3d3ab1n(cx—l 2d3abarctanh(cx)

) — AP abdilog(cx+1) —

6 6 350



1[ (cx+1)? _1]

AP+

2

I
13 & v ncsgn(l [ -1 J J csgn| ———— | csgn arctanh(cx)
AP 41 - (ex+1)2 - (ex+1)2
N AP +1 AP +1
2

I[ (cx+1)2 _1] 3
A+ 1

1P P n csgn 5 arctanh(cx) 2
1+ (ex+1)
_ 3 2 3 2 372 2
N AP A+1 _ 3edd®  3Ada* & btarctanh(cx) 3B PRI 14 ext]
2 222 x 300 J-Z2+1
. + 1
3 3,0 (ex+1)? 203 b2 dilog| —ET 1 —
cd’b polylog(l -—— g T ———
—203d3b2p01y10g[3, o cextl + > Rt —2c3d3b2polylog[3, cx +1 3 et
V-AxF+1 V-2 +1
203 & b2 dilog 1 + &)
_ 372 2 32
N 3 VAP 41 +303d3b21n( ex+1 Y 113dPh aéctanh(cx) + AP PIn(ex) d;
J-22 +1 3
3 3 2 353
+2c3d3ab1n(cx) arctanh (cx) —03d3abln(cx) In(cx+1) — 3cd’abarctanh(cx) 6c%d abarctanh(cx)  8b°cd a3rctanh(cx)
X

Problem 27: Result more than twice size of optimal antiderivative.

J (cdx +d)3 (a + barctanh(cx) )>

Optimal (type 4, 259 leaves, 18 steps):

dx

bed (a +barctanh(cx)) b d? (@ + barctanh(cx)) 163 P (a + barctanh(cx) )

2 3 2 3353
_b cd _bcd +b2c4d3arctanh(cx) -
122 x 6x°
3 4 2
& (cx+1) (a4+4b arctanh(cx) ) Y4abfdPln(x) + 3
x

20 polylog(2, -cx) +2 s polylog(2, cx) +2 s polylog(Z, 1 -

Result (type 4, 645 leaves):
_cedab 13 dPab PFdPab

1152 * & In(x)

2 2x
1A I(-A2 +1)

+4bc4d3(a+barctanh(cx))ln( —cx2+1 )_ 6

et
-cx+1

cd3b2arctanh(cx) _ 3»<72d3b2arctanh(c)c)2 _ Ad bzarctanh(cx) _ 7c3d3b2arctanh(cx) _ c3d3b2arctanh(cx)2

63 2x 2 63 222

cd® b? arctanh(cx) 2

A dP b2 arctanh(cx) In(cx + 1)

2 2x x

4 532 —
_ 15cd” b~ arctanh(cx) In(cx — 1) —2c4d3b21n(cx) In(cx

- + 4@ b*In(cx) arctanh(cx) —

s

4



1504d3b2ln(cx—1)1n(02—x +%) c4d3b21n(—% +%)ln(cx+l) c4d3b21n(—% +%)m(% n

)
2 +4c4d3abln(cx)

1 p—
+1) + 3 3 + 3
4 3 4 3 _ 3 3 2 4 312 _

_c'dabln(cx+1) 15c"d’abln(cx—1)  d abarctanh(cx) da® T7c'd bIn(cx—1) —2c4d3b2dilog(cx+1) —204d3b2dilog(cx)

4 4 2x* 45" 3

4 342 _ 2 4 5312 2 3 2 3 2 3532 342 2
_15c8d’ b7 In(cx—1) +2€4d3b2di10g(ﬂ+l)+cdbln(cx—l-l) _cda _3czda _cda  d b”arctanh(cx)
16 2 2 16 J 22 x 4+

N AP n(ex) 4P In(ex+1)  2cd’abarctanh(cx) 3 dabarctanh(cx) 23 dabarctanh(cx) P EdL BPEP

3 3 P X x 1242 x

Problem 28: Result more than twice size of optimal antiderivative.

J(a+barctanh(cx))2
dx
X (cdx+d)
Optimal (type 4, 160 leaves, 8 steps):
2 D) 2
2b + b arctanh Inf 2 — + b arctanh Inf 2 —
c(a—i—barctanh(cx))2 (a —i—barctanh(cx))2 c(a arctanh(cx) ) n( cx+1 ) c(a arctanh(cx) ) n( cx+1 )
J— + —
d dx d d
) 2 2 ) 2
b” cpolylog| 2, -1 + bc (a + barctanh(cx) ) polylog| 2, -1 + b“ cpolylog| 3, -1 +
_ cx+1 i cx+1 i cx+1
d d 2d

Result (type ?, 7285 leaves): Display of huge result suppressed!

Problem 29: Result more than twice size of optimal antiderivative.

J (a + barctanh(cx) )>

dx
X (cdx+d)

Optimal (type 4, 242 leaves, 17 steps):
_be(a+barctanh(cx)) & (a+barctanh(cx))?  (a +barctanh(cx))?

N ¢ (a + barctanh(cx))? N P n(x)  PA(-EP+1)

dx 2d 2x%d dx d 2d
2b¢ (a +barctanh(cx) ) In| 2 — 2 & (a +barctanh(cx) )% In| 2 — 2 b Z polylog| 2, -1 + 2
_ cx+1 I cx+1 n cx+1
d d d
b (a + barctanh(cx) ) polylog| 2, -1 + 2 ) bzczpolylog(l -1+ 2 )
_ cx+1 _ cx+1
d 2d

Result (type 4, 1849 leaves):



I(cx+1)2 3

14 b nh(cx)?
Iczbzncsgn[Mfarctanh(cx)2 e (-2 +1) [1+(¢‘x——H)2] sretanhex)
) -2 41 B -2 41
2d 2d
I (cx+1)2 | 3
T )
Iczbzrccsgn arctanh(cx) 232
1+ (cx+1)? Iczbzncsgn[M csgn(%] arctanh(cx)?
2241 J-EFP+1 - a cab
* 2d + d 242 dx
2 2
Iczbzncsgn I(cx+1)(cx+1)2 ] csgn[ﬁ]arctanh(cx)2
2 ) [14 L)t |y lexr D)7
N ( ) [ AP+ ] AP+
2d
(cx+1)2 2
| ——— —1
12 b2 [ [(cx—}-l)z ]] [—szz-i-l J 2
mesgn| I | ———— — 1| | csgn arctanh (cx)
A+ 1_i_(c)c+1)2
_ A+ 1
2d
Iczbzncsgn[MJcsgn I(cx+1)2 2arctanh(cx)2
-+ 1 (cx+1)?
(-2 +1) |1+
N -2 41
2d
(cx+l)2 J 2
I[— -1
AP+ 1
2 2 Iczbzncsgn S S— csgn arctanh(cx)?
Iczbzncsgn[M csgn[l(cx——kl)]arctanh(cx)2 1+ (cx+1)2 1+ (cx+1)2
- [+ 1 et B 2P+ 1 2P+
2d 2d
220 polylog[3, ooextl ] 2320 polylog(l’,, _extl ] 230 dilog[ _ex+l
4 cd_a2 _ bzarctalnl;z(cx)2 _ y V-2 +1 _ y VA2 +1 i d\/ A+
X 2d
2c2b2dilog[1 +&] c2b21n[& —1]
N -2+l ) | 3P actanh(ex)®  2Z P arctanh(ex)? | Fdlin(ex) _ Falln(ex+1) -2 +1
d 2d 3d d d d
A5 In 1+&)
VAP 41 _ czbzarctanh(cx) _ cbzarctanh(cx) cbzarctanh(cx)2 _ czabdilog(cx+1) _ czabdilog(cx)

+

d

+

d dx dx d d



cx+1

2 abdilo (g i l) c2b2arctanh(cx)21n 1+ —
L Gabn(ex+1)2 | Bl2 "2 L @PPIn(ex) arctanh(ex)? J-Z2 +1
2d d d
1) & b arctanh ylog[ 2, —XFL ) 2242 arctanh lylog( 2, - —<x 1
czbzarctanh(cx ( (ex+ 1) 2 arctanh(cx) polylog| 2, arctanh(cx) polylog| 2,
3 c2x2+1 N V-4l ) V-2 +1
d d d
& b? arctanh (cx) 2ln(l _extl 2 & b? arctanh (cx) ln(l +L
N V-2 +1 J-2+1 )  AbParctanh(cx)?In(ex +1)
d d d
2202 arctanh(cx)zln( _extl
i J-FP+1 n czbzln(Z)arctanh(cx)2 _ 262abln(cx) " 3czabln(cx+1) n czabln(cx—l) _abarctanh(cx)
d d d 2d 2d d2
1( (ex+1) _1]
2 -
Iczbzncsgn[I[M—l]Jcsgn ;2 csgn o +1 5 arctanh (cx)?
A+ 1 |4 Lex+1) |4 Lext1)
N AP+ -2 41
2d
2 2
Iczbzncsgn[MJcsgn [(ex+1) csgn SN S— arctanh (cx)?
A+ (—czx2+1)[l+(cx+1)2] 1_}_(cx—l-l)z
A2 +1 AP+ 1 _ 2c2abarctanh(cx) In(cx+1)
2d d
1 cx 1
2 bl(—— )1 N2 bl(-ﬂ —)1 (— —]
_ Pabh(ex)(ex+1)  S*PM™MT3 T3 n(ex+1) N abln| == 45 5+ 5 . 2&abln(cx) arctanh(cx)
d d d d
4 2 cab arctanh(cx)
dx

Problem 30: Result more than twice size of optimal antiderivative.
J (a + barctanh(cx) )>

1 dx
X' (cdx+d)

Optimal (type 4, 314 leaves, 26 steps):
_p P2 | b*larctanh(cx)  bc(a +barctanh(cx)) N b (a + barctanh(cx) ) N 57 (a +barctanh(cx))?>  (a + barctanh(cx) )2

3dx 3d 3:2d dx 6d 323d

8b¢ (a + barctanh(cx)) ln(2 N )
cx+1

¢ (a+barctanh(cx))? & (a+barctanh(cx))?  p Sl In(x) N A I(-A2+1) N

+ 22d dx d 2d 3d




2
cx+1

A (a + barctanh(cx) )2ln(2 - ) 4bzc3polylog(2, -1+

cx+1

) bc (a + barctanh(cx) ) polylog(Z, -1+ 2 )
cx+1

d 3d
2
cx+1 )
2d

2018 leaves):

b polylog( 3,-1+
+

Result (type ?,

+
d

Display of huge result suppressed!

Problem 31: Result more than twice size of optimal antiderivative.
sz(cl+-baHXanh(cx))2
(ca’x—l—d)3
Optimal (type 4, 249 leaves, 26 steps):
) b 13 b? _ 13b%arctanh(cx) b (a+barctanh(cx)) | 7b(a+barctanh(cx)) 7 (a + barctanh(cx))?
163d (ex+1)2  1683d (ex+1) 16d° 3 43 d (ex+1)? 43 d (ex+1) 8d3 ¢
+ b arctanh 2] b (a + barctanh lylog| 2,1 —
_ (a+barctanh(cx))? . 2 (a+barctanh(cx))? ¢ T Pacmnh(ex)) n(cx4—l) N (a mcan(cx))poyog( cx+—1)
28d (ex+1)? Sd(ex+1) ol e
bzpobdog(3,1-— 2 )
4 cx+1
2483
Result (type 4, 1249 leaves):
2
I(cx+1)2 I 2
2\2 Ibzncsgn csgn| ——— | arctanh(cx)
Ibzncsgn(M ngn[M} arctanh(cx)? (-2 +1) [1+ (cx+1)2] 1+ (ex+1)2
2241 Xt 2P 2P
Sd 288
2 2 2
Ibzncsgn[ Tlex+1)” J csgn [(cx+1) 3 arctanh(cx)?
_ AP+ _ a? 24% azln(cx—i-l)
288 288 (ex+1)2 S (ex+1) cd
+1)?
bzpolylog[3, _(cx—]
4 AP +1 _ 7bzarctanh(cx)2 2b2arctamh(cx)3
28 & 83 d° 338
2 2
Ibzncsgn[m]csgn [(cx+1) 3 csgn ;2 arctanh(cx)2
AP +1 08f+1)p+_ux+n ] |4 Lext1)
N -2 41 -2 41

288



I(cx+l)2 3

Ibzncsgn 3 arctanh(cx)2 5 \3
(-2 +1) [1 + M] Ibzncsgn[M] arctanh(cx)? ) )
4 AP+ i AP+ 1 _ b arctanh(cx)x2 4 b” arctanh(cx) x
284 28 & 16cd® (cx+1)2  82d (ex+1)?
cx 1 cx 1 cx 1
bln| -— + — |1 +1 bln| -— + = |In| — + —
_ 3b2arctanh(cx)x _abarctanh(cx) 4 a b arctanh(cx) 4 n( 2 2) n(cx ) _ 4 n( 2 2) n( 2 2)
4c2d3(cx+l) (:3d3(cx—i-l)2 03d3(cx+1) cd d
2 2
Ibzncsgn[ Alext 1) ] csgn[ % ) arctanh (cx)?
. 2abarctanh(cx) In(ex +1) J-22+1 cx+1 B b2 N 302
cd 28d° 643 d (ex+1)>  8Ad (ex+1)
N Tab 3 3p%x B b2 + b x + b? arctanh(cx)?In(cx + 1)
43P (ex+1)  82d (ex+1)  6ded (ex+1)2 322 (ex+1)? cd
1
+1)? 2 b? arctanh(cx)? In _ex+l
b arctanh(cx)polylog[Z, _(cx—) a cx
_ A2+ . VA2 +1 B bzarctanh(cx)2 " 2b2arctanh(cx)2 _ bzarctanh(cx)
d Sd 203d3(cx+1)2 c3d3(cx+1) 1603613(cx+1)2
abdilo (ﬂ +i)
N 3 b2 arctanh(cx) 4 Jabln(ex—1) _ 7abln(ex+1) _ abln(ex+1)* B2 "2 _ b*In(2) arctanh(cx)? ab
43P (ex+1) 8 d3 83 d° 284 cd Sd 43P (ex+1)?
Problem 32: Result more than twice size of optimal antiderivative.
J(a+barctanh(cx))2 i
2 (cdx+d)?
Optimal (type 4, 428 leaves, 36 steps):
B b c B 1952 ¢ n 19b2carctanh(cx) __bc(a+barctanh(cx))  9bc(a+barctanh(cx)) " 17¢ (a —l—barctanh(cx))2
16d° (ex+1)2  16d° (¢x+1) 16 &° 44 (ex+1)? 44 (ex+1) 8d’
2
h 2 h{ -1 4+ ————
_ (atbarctanh(cx))?  c(a+barctanh(cx))?  2¢(a+barctanh(cx))? | 0 (4 T Parctanhlex))Tarctan ( TS )
xd® 2d (ex+1)? & (ex+1) &
3c(a+barctanh(cx))21n( ) 2be (a+ barctanh(cx) ) In[ 2 — —2 ) 3bc(a+barctanh(cx))polylog(2,1—L)
_ cx+1 n cx+1 n -cx + 1
& & &
2 2 5 2
3bc (a+ barctanh(cx) ) polylog| 2, -1 + ——— 3bc (a+ barctanh(cx) ) polylog| 2,1 — b” cpolylog| 2, -1 +
-cx + 1 cx+1 cx+1

B pE * JE - JE




3b20polylog 3,1 — + 3b20polylog 3, -1+ + 3b20polylog 3,1 — 2
_ cx+1 i cx+1 cx+1

_|_
243 2d3 2d3

Result (type ?, 7646 leaves): Display of huge result suppressed!

Problem 33: Result more than twice size of optimal antiderivative.

J (a + barctanh(cx) )>
(cx+1)4

dx

Optimal (type 3, 158 leaves, 18 steps):

b? 5b° 11 52 11 b%arctanh(cx) b (a +barctanh(cx)) b (a +barctanh(cx)) b (a + barctanh(cx))
— — — _|_ — — —
54c(cx+1)3 144c(cx+1)2 144 ¢ (cx +1) 144 ¢ 9c(cx+l)3 120(0x+1)2 12¢ (ex+1)
N (a +barctanh(cx))?  (a +barctanh(cx))?
24c 3c(cx+1)3
Result (type 3, 385 leaves):
B a? _ bzarc’[anh(cx)2 _ bzarctanh(cx) _ bzarctanh(cx) _ bzarctanh(cx) bzarctanh(cx) In(cx+1) b? arctanh(cx) In(cx — 1)
3c(ex+1)3 3c(ex+1)3 9¢(cx+1)3 12¢(ex+1)2  12c(ex+1) 24c 24c
cx 1 cx 1 cx 1 cx 1
) bzln(-7 +5)ln(7 +E) N bzln(-7 +E)ln(cx+1) N b21n(cx—1)1n(7 +E)  Phlex+1)?  Blalex—1)2
48 ¢ 48 ¢ 48 ¢ 96 ¢ 96 ¢
11 I(ex+1)  11bn(cx—1) 115 3 5 b 3 b* _ 2abarctanh(cx) ab
288 ¢ 288 ¢ 4c(ex+1)  144c(cx+1)2  S4c(ex+1)3 3c(ex+1)3 9¢(cx+1)3
_ ab _ ab abln(cx+1) abln(cx—1)
12¢ (cx+1)? 12¢(cx+1) 24 ¢ 24 ¢

Problem 34: Result more than twice size of optimal antiderivative.

Jarctanh(ax)2 dr
~acx +cx
Optimal (type 4, 65 leaves, 4 steps):
arctanh(ax)zln 2 — + arctanh(a x) polylog| 2, -1 + _# polylog| 3, -1 + _#
ax+1 i ax+1 _ ax+1
c 2¢
Result (type 4, 716 leaves):
+1)? arctanh(ax)?In| 1 yoaxtl
arctanh(ax)zln[ lax+ 1) _ 1)
arctanh(ax)zln(ax) _ arctanh(ax)zln(ax -1) -Xd+1 n J-2a+1

C c C C



2 arctanh (a x) polylog(Z, —L) 2polylog[3, o_ax+l arctanh(ax)zln[l - L)
i N a?+1 J-Zat+1 i N a?+1
c c c
2 arctanh (a x) polylog[2, L] 2polylog{3, _ax+l
i J-Pad?+1 J-Zat+1 i ITcarctanh(ax)2
c c c
(ax+1)2 2
I 22 —1 2
Icsgn I 5~ | csen a ] 5 7tarctanh(ax)2 Icsgn I 5 Ttarctanh(ax)2
(ax+1) (ax+1) (ax+1)
1+ 5 1+ S 1+ S
_ a®+1 a®+1 2a®+1
2c¢ c
I[ (ax—i—l)2 _1J
3 2 . 2
Icsgn I 5 Tcalrctanh(ax)2 Icsgn % csgn[l[w —lj)csgn a1 3 1tarctanh(ax)2
(ax+1) (ax+1) Pa*+1 (ax+1)
1+ 5 1+ 5 1+ 5,
2d®+1 -Xd®+1 2d®+1
+ +
c 2¢
I[(ax+1)2_ J 3 I[(ax+1)2_l) 2
22 2 222
Icsgn Pal +1 5 Tcarctanh(ax)2 Icsgn[l(% —lj)csgn Xa +1 5 1tarctanh(ax)2
(ax+1) d+1 (ax+1)
1+—2 1+—2
4 a*+1 _ 2a®+1
2¢ 2¢
L+ In(2) arctanh(a x)?
c
Problem 35: Result more than twice size of optimal antiderivative.

Optimal (type 4,

b x b arctanh (cx)

3abix+ —=
avx 4c

288 leaves,

+3 b3xarctanh( cx)

J-(cx+ 1)3 (a + b arctanh(cx) )3 dx

26 steps):

N 3bcx? (a + barctanh(cx) )2 + b x> (a + barctanh(cx))?

n b ex? (a + barctanh(cx) )

4

I 4b (a + barctanh(cx) )2 I 21 bx (a + b arctanh(cx) )2

c

(cx+1)* (a +barctanh(cx))?

4

11 52 (a + barctanh(cx)) ln(

i)
-cx+1

2

6b (a + barctanh(cx) )21n(

2
-cx+1

4

+

) 353 m(-22 +1) 11b3polylog(2,1—
+ —

4c

i)
-cx+1

4

2¢

2¢

c



6 b% (a + barctanh(cx)) polylog(Z, 1 - S
-cx+1

- -
Cc C

Result (type 4, 962 leaves):

2
3 b3 polyl 3,1 — ———
J poyog( —cx—i—lj

6ab21n(cx—1)ln(g+l) 2 2 ) 2
2 2 Fab farctanh(cx) 9ca barctanh(cx)x2 9 ca b arctanh(cx) X
- + + +
c 2 2 2
3c3a2bx4arctanh(cx) " 3c3ab2x4arctanh(cx)2 _ 6Ib3narc‘[anh(cx)2
4 4 c

(cx+1)2
2 _ 2 3 3.4 3 3 2
12 a b arctanh(cx) In(cx — 1) IS5 I 3c2 a , cxa 4b° arctanh(cx)®

+3cab? arctanh(cx) X

+325ab? arctanh(cx)2 +32 x5 a?barctanh(cx) +

33| 1+ —1 -1

[ AR+ ] b arctanh(cx)3
+ +
4 c c 4c

(cx+1)2] 11b3dilog[l - M] 11 53 dilog
AR+ J-ER+1 J-&2+1 n 21 b3 xarctanh (cx)?
c c 4

c
2 2 3 2 2 2 2
+ 216; bx _ 134ab - f:— + 3ca2bx2 + c2a4bx3 + cai X + 2lab arc;anh(cx)x + 3 a? barctanh(cx) x + 3 arctanh (cx) 2 xa b?
c c

_|_

[

|+ I(cx+1)

3 polylog( 3, -
+ b3 arctanh(cx)3x

+1)° 11 5% arctanh (cx) Inf 1 — —ext 1)
6 b* arctanh (¢ x) polylog( 2, - lex+1)7 ]
6b3arctanh(cx)21n(cx—1) _ 22 +1 2231

c C C

I[(cx+1) ox |
, ., 6ab2dilog(—+—) \ ,
V-2 +1 4 3ab’arctanh(cx)® | 3 a®barctanh(cx) 2 " 2)  6bIn(2) arctanh(cx)

11 53 arctanh(cx) In| 1 +

c 4c 4c c c

2 _ 2 _ 2 2 2 _ 3 2
6a“bln(cx—1) " 3ab‘In(cx—1) n 4ab’In(cx+1) " 7Tab“In(cx—1) +c2x3b3arctanh(cx)3+ Ab farc;tanh(cx)
c c c c

313 .4 3 3 3 2 3 3 3
¢ b° x" arctanh(cx) ch arctanh(cx)x2 i 3 ¢ b’ arctanh(cx) 2 i 3 ¢ b’ arctanh(cx) 2 FINCES I

4 4 2 2 4c¢
I 3 2 3 I 2 2
5 arctanh(cx) 61b° wesgn — 5 arctanh(cx)
(ex+1) 1+(cx+1)

1+
_ _ 3
B AP +1 N AP+ 1 43 bty 4 L0 arctanh(cx)

c c 4c

61b° mesgn

+3° xarctanh(cx)

Problem 36: Result more than twice size of optimal antiderivative.

J(cx+1) (a + barctanh(cx) )> dx

Optimal (type 4, 181 leaves, 11 steps):



2
3b? (a + barctanh In| ———
3b (a+barctanh(cx))? | 3bx (a+barctanh(cx))? | (cx+1)? (a +barctanh(cx) )’ (a +barctanh(cx) ) “( )

_ -cx + 1
2¢ 2 2¢ c
2 2 3 2 2 2
3b (a +barctanh(cx) )“In| ———— 3b° polylog| 2,1 — ——— 30 (a + barctanh(cx) ) polylog| 2,1 — ———
_ -cx + 1 _ -cx + 1 _ -cx + 1
c 2¢ c
3 2
3b° polylog| 3,1 — ———
-cx+1
+
2c¢

Result (type ?, 6502 leaves): Display of huge result suppressed!

Problem 37: Result more than twice size of optimal antiderivative.

J (a + barctanh(cx) )3
(cx+1)2

dx

Optimal (type 3, 127 leaves, 11 steps):

33 3b2arctanh(cx)  3b% (a +barctanh(cx)) . 3b (a +barctanh(cx))?  3b (a+barctanh(cx))? | (a + barctanh(cx))?
- + — + — +
4c(cx+1) 4c 2¢c(cx+1) 4c 2c(cx+1) 2¢
_ (a+barctanh(cx) )3
c(cx+1)

Result (type 3, 1912 leaves):
I(cx+1)? I

313 Tesgn ( )2 sgn ﬁ arctanh(cx)?x
+ cx + 1
(—c2x2+1)[1+—” ] 1+ 3ab?in(cx — | 1(ﬂ —)
P2+ P2+ N e
8 (cx+1) 4c
_ 3ab*arctanh(cx) In(ex—1)  3b%arctanh(cx)?In(cx—1)  3a®bln(ex—1)  3ab*In(cx—1)2 4 3ab’In(ex+1)  3ab*In(cx—1)
2c¢ 4c 4c 8¢ 4c 4c
3 b arctanh(cx)? In LJ
V-2 +1 3b3arctanh(cx)?In(cx+1) . 3a?bln(cx+1)  3ab’ln(cx+1)2
+ + -
2¢ 4c 4c 8c
2 2
3 Ib3ncsgn[ Tlex+1)” ] csgn [(cxt1) 3 csgn ;2 arctanh(cx)?
AP 41 (_czx2+1)(l+(cx+1) ) |4 Lex+1)
N AP +1 AP +1
8c(ex+1)
2 2
3 Ib3ncsgn( Tlex+1)” ] csgn [(ex+1) 5 csgn ;2 arctanh(cx)zx
P | (cx+1) (cx+1)
(-2 +1) |14+ —7— 1+ = 5 5
N -2+ 1 -2+ 1 3ab 3a%h

8(cx+1) _ZC(cx+1) _ZC(cx+1)



3b3arctanh(cx) B 3D arctanh(cx)2 _ b3arctanh(cx)3 n b3arctanh(cx)3x n 3 arctanh(cx)zx 3D arctanh(cx) x
4ec(cx+1) 4dec(cx+1) 2c(cx+1) 2(ex+1) 4 (cx+1) 4 (cx+1)
2 cx 1 cx 1 ) cx 1
Inf -— 4+ = |In| =— 4+ = In| -— + = |1 1
3abarctanh(cx) In(cx +1) 3ab n( 2 2) n( 2 2) N 3ab n( , t 2) n(ex+1)
2¢ 4c¢ 4c¢
2 \2
3Ib3ncsgn Alex+1) csgn[M] arctanh(cx)2x
ey e+l
4 (cx+1)
2 2 2
3 Ib3ncsgn[ Tlex+1)7 ] csgn [lext+1) arctanh(cx)zx
A1
8 (cx+1)
2 2 2\2
3Ib3ncsgn[M] csgn(%)arctanh(ex)zx 3Ib3ncsgn{M)csgn(%) arctanh(cx)?
S22 +1 ox+l ~ J-Z2+1 ox+l
8 (cx+1) 4e(ecx+1)
2 2 2
3 Ib3ncsgn[ Tlex+1)” ] csgn [(cxt1) 3 arctanh(cx)?
AP+ 1 (_czx2+1)(l+(cx+1)
AP+ 1
8c(cx+1)
2 2
3Ib3ncsgn Alext1) csgn(M)arctanh(cx)2
22+ 1 R
8c(ex+1)
2 2
3Ib3ncsgn [(cx+1) 3 csgn % arctanh(cx)?
(_czxzﬂ)(HM) |4 lex+1)°
A2+ A+ . 3 _ 3ab2arctanh(cx) _ 3a2barctanh(cx)
8c(cx+1) 8c(cx+1) c(ex+1) clex+1)
3
3Ib3ncsgn (I 1)2 arctanh(cx)zx I 1)2 3
cx + 3 cx + 2
1+ —— 31b°mwesgn| ——————— | arctanh(cx)“x
3ab2arctanh(cx)2 i AP+ i [ AP+ )
c(cx+1) 4 (cx+1) 8 (ex+1)
2 3 2
3Ib3ncsgn I(cx+1)( 1)2 arctanh(cx)zx 3Ib3ncsgn ﬁ arctanh(cx)zx
+ cx +
22 (1251 L ler)?
A+ 1 A1

8(cx+1) B 4 (ex+1)



3

2 2
3163 T Ccsgn [(cx+1) 3 arctanh(cx)2 3163 T Ccsgn ;2 arctanh(cx)2
(cx+1) (ex+1)
(-2 41) [14 Llex+D)” P4 ext s
N -2 41 B -2 41
8c(cx+1) 4c(ex+1)
3
3153 T Ccsgn I 5 arctanh(cx) 2 5 \3
1+ Lex+1)” 3 Ib37rcsgn( M] arctanh(cx)2 3 ) 3 )
4 AP 41 n AP 41 31b° warctanh(cx)“x 31b° warctanh(cx)
4c(ex+1) 8c(cx+1) 4 (cx+1) 4de(cx+1)
a 3P x

c(ex+1) 8 (cx+1)

Problem 38: Result more than twice size of optimal antiderivative.

J(a+barctanh(cx))3 i@
(ex+1)4
Optimal (type 3, 249 leaves, 42 steps):
i b 3 195° 3 853 85b°arctanh(cx)  b* (a +barctanh(cx))  5b (a +barctanh(cx))
108¢ (cx+1)>  576c¢(cx+1)>  576c(cx+1) 576 ¢ 18¢ (cx+1)3 48¢ (cx+1)?
_ 115* (a + barctanh(cx) ) 4 11b (a +barctanh(cx))? b (a+barctanh(cx))? b (a+barctanh(cx))? b (a + barctanh(cx))?
48 ¢ (cx+1) 96 ¢ 6¢(cx+1)3 8c(cx+1)? 8c(cx+1)
N (a +barctanh(cx))?  (a +barctanh(cx))?
24c 3c(cx+1)3

Result (type ?, 3672 leaves): Display of huge result suppressed!

Problem 39: Result more than twice size of optimal antiderivative.

J arctanh(ax)3 dr

acx* +cx
Optimal (type 4, 87 leaves, 5 steps):

arctanh(ax)3ln(2 - ) 3 arctanh(ax)zpolylog(2, -1+ 2 ) 3 arctanh(ax) polylog(3, -1+ J 3p01ylog(4, -1+ 2 )
ax+1 _ ax+1 _ ax+1 _ ax+1
c 2¢c 2¢ 4c
Result (type 4, 1225 leaves):
I[(ax+1)2_1] 3
2 3 2.2
Iarctanh(ax)3ncsgn [(lax+1) 5 Imtesgn Xal +1 5 arctanh(ax)3 5 \3
(-x2a2+1) [1+@] l+w Iarctanh(ax)3ncsgn[MJ
a®+1 4 a?+1 _ Pa*+1

2¢ 2¢ 2¢



Tarctanh(a x) ’n csgn [

[(ax+1) (I(ax+1)2J2
——————|esen| —5 5 —
[ 22 +1 ) - a’ + 1

arctanh(ax)3 In(ax)

+
c c
I (ax—i-l)2 1 2
(ax+1)2 a®+1 3
Incsgn(l(ﬁ —IJ)csgn ( )2 arctanh(a x)
-x“a” + ax+
1+ ——
Pa*+1
2¢
2 2 2
arctanh(a x)” mesgn| ———=——— | csgn
I h( )3 I(ax2+1) I(ax+1) -
X +1 (_x2a2+1)(1+(ax+1) )
d+1
2¢
Iarctanh(ax)3ncsgn I(ax+1)2 2csgn N S 2 2
22 (ax+1)2 (ax+1)2 Iarctanh(ax)37tcsgn Alax+1) csgn Tlax+1)7
(-Fa*+1) |1+ > 1+ > > 221
-a?+1 a?+1 _ V-2 +1 a
2¢ 2¢
I[(ax+1)2_l) 2
. 2
Imtesgn 5 | csen Pal +1 5 arctanh(ax)3 ax+1
| 4 lax+1) |4 lax+1) arctanh(ax)> In l—l——J
2a®+1 2a®+1 _ arctanh(ax)3In(ax +1) N J-2d+1
2¢ c c
3arctanh(ax)2polylog 2, o_axtl 6 arctanh(a x) polylog 3,—L arctanh(ax)> In 1—&
J-Pd+1 J-Pd?+1 J-Pd+1
+
c c c
ax+1 ax+1 2
3arctanh(ax)2p01ylog[2,ﬁ) 6arctanh(ax)polylog(3,ﬁ arctanh(ax)3ln[ (sz—;l)l _1]
N - xX“at + N - xTat + -x"a” +
c c c
2 arctanh(a x)> 1n[ _axtl 6polylog{4, _axtl J 6polylog[4, oaxtl
J -2+ 1 i arctanh(ax)3ln(2) _ arctanh(ax)4 4 J-2d+1 I J-2d+1
c c 2¢ c c
2 2
Iarctanh(ax)31tcsgn[M]csgn [lax+1) 5 csgn %
Pat+1 (_x2a2+1)(1+(ax+l) ) l_|_(ax+1)
a?+1 2a® 41

2¢



2 -
InCSgn(I(W —l))csgn ;2 csgn Ca’ +1 5 arctanh (a x)>
a®+1 (ax+1) (ax+1)
I+ = I+ =
i 2d+1 2d+1
2¢

Problem 40: Result more than twice size of optimal antiderivative.
arctanh(a x)>
- dx
X (acx +c)
Optimal (type 4, 287 leaves, 18 steps):

2
3 a® arctanh In| 2 —
3a2arctanh(ax)2 _ 3aarctanh(ax)2 _ azarctanh(ax)3 _ arctanh(ax)3 aarctanh(ax)3 a” arctanh(ax) n[ ax+1 ]
2¢ 2¢cx 2¢ 2 e cx c
2 2 2 2 3 2 2 2
3 g“arctanh(ax)“In| 2 — a“arctanh(ax)” In| 2 — 3 a“ polylog| 2, -1 +
_ ax+1 n x+1 _ ax+1
c c 2c¢
3 a? arctanh (a x) polylog(2, -1+ 2 ) 34° arctanh(ax)zpolylog(Z, -1+ 2 ) 34% polylog(3, -1+ 2 )
4 ax+1 _ ax+1 4 ax+1
c 2¢ 2¢
3d? arctanh(a x) polylog(3, -1+ 2 ) 3 4’ polylog(4, -1+ 2 )
_ ax+1 _ ax+1
2c¢ 4c
Result (type 4, 663 leaves):
34° arctanh(ax)zln(l + _ax+l 6a’ arctanh(a x) polylog[Z, —L] 34° arctanh(ax)zln[l __axtl
J-Zat+1 J-Padd+1 J-Zat+1
c c
6 a® arctanh (a x) polylog| 2, _axtl 6 a® polylog| 3, oaxtl 6 a* polylog| 3, _axtl
_ V-2 +1 n \/—xzaz—l—l i J-2d+1
c c
a?arctanh(ax)In| 1 + _axtl ] 3 ¢? arctanh(a x) polylog( _ax+l ] 6 a? arctanh (a x) polylog(3, o_axtl ]
i J-2d? 41 n —xza +1 J -2+
¢ c
a” arctanh (a x)> ln{l - L] 3 ¢? arctanh(a x) polylog[ _axtl ] 6 a” arctanh (a x) polylog(l _ax+l
i J-Pad+1 n -xza +1 J-Zat+1

c C



) ax+1 2 ax+1
6 a“ polylog| 4, ——— 6 a“ polylog| 4, - —————
_ famwmuaxﬂ n J-Zat+1 " J-2ad+1 _¥aamwMNaxP . 3amdmm(mﬂ2__ammmuaxﬁ
2¢ c c cx 2¢x 2ex?
3a2polylog[2, _axtl 3a2polylog[2, —&J
_ 3azarctanh(0tx)2 n J -2+ n J-Zat+1 n 3 ¢? arctanh(ax)3
2¢ c c 2¢
34° arctanh (a x) ln[l __axtl 3d° arctanh(a x) ln[l + _axtl
i \/—x2a2+1 i \/—x2a2+1
c c
Problem 45: Result more than twice size of optimal antiderivative.
x(a +barctanh(cx))2
dx
ex+d
Optimal (type 4, 275 leaves, 8 steps):
2 D) 2
2 b (a + barctanh Inf ——— d (a + b arctanh 1
(a—l—barctanh(cx))2 n x (a —i—barctanh(cx))2 B (a arctanh(cx) ) n( -cx + 1 ) n (a arctanh(cx) ) n( cx+1 )
ec e ec &
- d(a +barctanh(cx))21n( (d?—cl—(ee)x(txd—)l-l) ) B bzpolylog(Z,l— #—l—l) B bd(a+barctanh(cx))polylog(2,1— cx2—|—1 )
& ec e
2c(ex+d) ) ) ( ) ) ( 2c(ex+d) )
bd (a + b arctanh lylog| 2,1 — b” dpolylog| 3,1 — b” dpolylog| 3,1 —
i (a mcan(cx))poyog( (de+e) (cx+1) . POiyio8 x+1 n POiyio8 (dec+e) (ex+1)
& 26 2
Result (type ?, 13911 leaves): Display of huge result suppressed!
Problem 46: Result more than twice size of optimal antiderivative.
(a + barctanh(cx))? &
ex+d
Optimal (type 4, 184 leaves, 1 step):
2 2 2 2c¢(ex+d) 2
(a + barctanh(cx) )“In (a + barctanh(cx) )“In b (a + barctanh(cx) ) polylog| 2,1 —
_ cx+1 i (de+e) (cx+1) i cx+1
e e e
2c(ex+d) 2 ( 2 ] > ( 2c¢(ex+d) :
b (a + b arctanh lylog| 2, 1 — b” polyl 3,1 — b” polyl 3,1 —
_ blabarctan (cx))poyog( (dec+e) (cx—l—l)) N potylog ex+1 ) POYeE (dcte) (cx+1)
e 2e 2e

Result (type 4, 1169 leaves):



2 2
B arctanh (¢x) 2 1n| | <2 F1 —1) +d [1+—(”+1) ]}
a’In(cex+dc) | b’In(cex+dc) arctanh(ex)® aretanh(e-) n([ -2 +1 el -2 +1
e e e
b? arctanh (cx) polylog[ 2, - (—CC,ZXT_'-—ll-)lz J N b polylog( 3, - (_isz-i_j_)f ]
e 2e
(ex+1)2 (ex+1)2 3
1[(—_1)e+d0[1+—)]
152 arctanh(cx)zncsgn Rabaha 3 Rabahd
1+ (ex+1)
N AP+ 1
2e
(cx-i-l)2 (cx+l)2JJ 2
|| ~S——" —1|etde|l +-——
Ibzarctanh(cx)zncsgn [( R )e c[ Rt csgn(l([M—1]e+dc(l+M]])
|4 Lex+1)? AP+ 1 AP+ 1
AP+ 1
B 2e
(ex+1)2 J ( (cx—l—l)z))
I||————-1|etdc| 1 +——F77—
+L 152 cs . r tanh 2 ((‘621624'1 ¢ ‘ AP+ (cx—-|-1)2_
gn 5 | arctan (ecx)“mesgn 5 csgn| I lie+dc|1
Ze |4 Lex+1) |4 Llex+1) -+ 1
AP+ 1 AP+ 1
(cx+1)2 (cx+1)2 2
I[[——l)e+dc(l+—])
Ibzcsgn % arctanh(cx)zncsgn Rt 3 Rt
14 lext D |4 lext+1)?
4 lex+1)? _ 22 +1 22+
-2+ 1 Ze

(de+e) (ex+1)?
(-2 +1) (-de+e)
dec+e
(dec+e) (cx—i—l)2

-2 +1) (-dcte)
(de+e)

b? arctanh (cx)? ln[ 1 - ) b? arctanh (cx) polylog[ 2,

(de+e) (ex+1)? )
+

(-2 +1) (-dc+e)
dc+e
(dec+e) (cx—l—l)2 )
(- +1) (-dc+e)

e(dc+e)
2
52 d polvl 3, (dec+e) (cx+1)
)_C poyog( (- +1) (-dec+e)
2e(dc+e)

b? polylog( 3 J cb? d arctanh (cx) 2 ln( 1 -

+

" (
2
(de+e) (cx+1)?

(-2 +1) (-dc+e)
e(dc+e)

¢ b? darctanh(cx) polylog[Z, J
n 2abln(cex +dc) arctanh(cx)

e




abin(cex+dec)In @J ab dilog @J abin(cex+dec)In MJ ab dilog MJ
i dc—e i dc—e ) dct+e ) dc+e
e e e e
Problem 55: Result more than twice size of optimal antiderivative.
(—x2 a® +1 )zarctanh(ax)2 dx
X
Optimal (type 4, 170 leaves, 23 steps):
2 3 2 4 4 2
Za _ 3axarctanh(ax) L a xgarctanh(ax) n 3 arctanh(ax) —azxzarctanh(ax)z—i- a” x"arctanh(a x) —2arctanh(ax)2arctanh 14 2 )
12 2 6 4 4 -ax+1
2
29 polylog(3, 1 - _—)
- W—a—i_l) — arctanh(a x) polylog(z, 1 - #) + arctanh(a x) polylog(Z, -1+ 2 ) + ax+l
3 -ax+1 —ax +1 2
2
lylog| 3, -1 + ————
_poyog( —ax—i—l)
2
Result (type 4, 727 leaves):
(ax—13) (ax+ 1) arctanh(ax) i (x2a2 —4ax+7) (ax+1) arctanh(ax)
2 6
(ax—i—l)2 2 (a)c-i-l)2 3
I| ————— —1 | —4——— —1
2 _ 2 _ 2
Incsgn(l ( w - 1)) csgn 2al +1 2 arctanh(ax)2 Imcsgn Xal +1 2 arctanh(ax)2
at+1 1_'_(ax+1) 1_'_(ax+1)
Pa*+1 2d®+1
+ — 2 polylog| 3,
2 2
2
o_axtl —2polylog[3, &) —arctanh(ax)zln[ W——;—I) - IJ —l—arctanh(ax)zln[l yoaxtl
J-2d+1 J-2d+1 a4 V-2 +1
2
+ 2 arctanh(a x) polylog| 2, L_axtl +arctanh(ax)21n 1- _axtl + 2 arctanh(a x) polylog| 2, ax+1 + xj; — (ax
a®+1 V-2 +1 J-2d+1
\/7
P (ax+1)2 1
+ 1) arctanh(ax) + In(ax) arctanh(a x)“ — arctanh(a x) polylog| 2, s Rl
-Pa+1 12
(ax+1)2 2
I 5 -1
1 -a?+1 2
Itesgn (——i-l)z csgn ( +1)2 arctanh (a x) ( +1)2 ( +1)2
ax ax ax ax
1+ ——— 1+ ——— 4In| 1 + ——— polylog(3,——)
-t +1 -t +1 " 3arctanh(ax)2 4 ( at+1 ) i -Pat+1
2 4 3 2



2 2.2
Incsgn{l ( w - 1)) csgn ;2 csgn Ca’ +1 5 arctanh(ax)?
a®+1 (ax+1) (ax+1)
a*x* arctanh(ax)2 b 2d+1 b 2d+1
— a*> X% arctanh(ax)? + 2 + 2

Problem 56: Result more than twice size of optimal antiderivative.
2
J( X2d+ 1) arctanh(ax)3 dx

Optimal (type 4, 223 leaves, 12 steps):

2 _ 2.2 2.2 2 2.2 2 2 3
2a 1 — varctanh(ax) — x ( Za + 1) arctanh(ax) 4 2 ( Za + 1) arctanh(ax) n 3 ( 2a + 1)” arctanh(a x) 4 8 arctanh(a x)
20 a 10 S5a 20 a 15a
2 8arctanh(ax)2ln(#J
8xarctanh(ax)3 " 4x(—x2az—l—l)arctanh(ax)3 n x(—x2a2+1) arctanh(ax)3 B -ax+1 ) ln(—x2a2+1)
15 15 5 S5a 2a
2 2
8 arctanh(a x) polylog| 2,1 — ————— 4 polylog| 3,1 — —————
_ -ax +1 n -ax +1
S5a S5a
Result (type 4, 891 leaves):
2 3 2
21arctanh(ax)2ncsgn [lax+1) 2 4Imcesgn % arctanh(ax)2
2 (ax+1) (ax+1)
(~Pa?+1) [ 14 Laxr ) 14 Laxt o ,
1 2d®+1 n Pa*+1 _ 7axzarctanh(ax)
20a S5a S5a 10
(ax-l—l)zj (ax-l—l)2
In| 1 +——7F—"— 4 polylog| 3, -——7F——
_ 2a2x3.arctanh(ax)3 n 3a3x4arctanh(ax)2 _|_cz“arctanh(ax)%rS +a2x3arctanh(ax) i ( Pat+1 4 Pa+1

3 20 5 10 a S5a

22 2 2
4Iarctanh(ax)2ncsgn[ Tlax+1)7 ] csgn[ Alax+1) ] ZIarctanh(ax)zncsgn( Ilax+1)7 ) csgn( dlax+1)

2 2
_ ~a +1 J-Zat+1 n Pa+1 22 +1
S5a 54
2 2
2Tcsgn % arctanh(ax)zncsgn I(ax+1) 5
1+M (-x2a2+1)[1+(ax-;1) ]
-at+1 -at+1
S5a
2 ) 2
2Iarctanh(ax)2ncsgn(I();x—;—l)]“gn I(ax+1) . .
R (-a*+1) 1+W+U 2 larctanh(ax)? mesgn M
— _Xza +1 + —xza +1

S5a 5a



I 3 2

4Imcsgn ﬁ arctanh(ax
ax+
1+ ——
_ 2ad®+1
S5a
I 5 I(ax+1)> I(ax+1)>
2 Icsgn — arctanh (a x)“ wesgn —5 5 . |csgn 3
(ax+1) d+1 2 (ax+1)
1+ 5 (-2 +1) |1+ > 5
i 2d®+1 Zat+1 _arctanh(ax)  4Imarctanh(ax)
S5a a S5a
2
) 8 arctanh(a x) polylog(z, —WJ ) )
_ 8In(2) arctanh(ax)” Pa*+1 4 4 arctanh(ax)“In(ax + 1) 4 4 arctanh(ax)“In(ax — 1)
S5a S5a S5a S5a
8arctanh(ax)21n(L
J-Zat+1 ax? 11 x arctanh (a x) llarctanh(ax)2 8arctanh(ax)3 3
- + - - + + + tanh
5a 20 10 204 154 xarctanh(ax)

Problem 60: Result more than twice size of optimal antiderivative.
b arctanh (a x)
— 5 dx
-Za® +1
Optimal (type 3, 38 leaves, 4 steps):
_ xarctanh(a x) n arctanh(ax)2 In( -Pat+ 1)

a* 24° 24°

Result (type 3, 144 leaves):

5 1n(ax—1)1n(ﬂ +l)
_xarctanh(ax)  arctanh(ax) In(ax—1) n arctanh(ax) In(ax+1) ln(ax— 1) n 2 2) Infax—1) In(ax+1)
a? 24 24 a 443 24 24a°
ax 1 ax 1 ax 1
In| -== + = |In[ = + = In| -2% + = |1 +1)
CIn(ax+ 12 “( 2 2)“( 2 2) N [ 2 2]““”6
8a’ 443 4a

Problem 62: Result more than twice size of optimal antiderivative.
J arctanh (a x)
X ( 2 +1 )

Optimal (type 4, 41 leaves, 3 steps):

polylog( 2,-1+ 2 )

arctanh(ax)2 ax+1
2

2

+ arctanh (a x) 1n(2 _ 2 ) -
ax+1



Result (type 4, 129 leaves):

. 1 ax 1
dilog| %= —) In(ax—1 1(— —)
arctanh(ax) In(ax +1) arctanh(ax) In(ax —1) ln(ax—l)2 1og( ) + 2 n(ax ) In ) + >
In(ax) arctanh(ax) — - — + +
2 2 8 2 4
1 ax 1
In(ax+1) —1 ﬂ+—))1(——+—) , .
L In(ax+1)% (n(” : n( 2 " 2)) "\ "2 T 2)  diloglax+1)  In(ax)In(ax+1) _ dilog(ax)
8 4 2 2 2

Problem 63: Result more than twice size of optimal antiderivative.
J' arctanh (a x)
C(Pd+1)

Optimal (type 4, 74 leaves, 7 steps):

a? polylo (2 -1+ 2 ]
a azarctanh(ax) arctanh (a x) azarctanh(ax)2 2 2 POYIOg] = ax+1
-— - + a” arctanh(ax) In| 2 — -
2x 2 22 2 ax+1 2
Result (type 4, 208 leaves):
2 2 _ 2 2 —_
_ arctanh(ax) +a21n(ax) arctanh(ax) — a”arctanh(ax) In(ax+1)  a”arctanh(ax) In(ax —1) L a In(ax+1) a"ln(ex—1) a
22 2 2 4 4 2x
9 . ax 1 ) ax 1 5 ax 1 ax 1)
dil - 4+ = 1 —1)In| — + — In| -— + = |In| == + =
_ dIn(ax—1)2 +a “’g( 2 2) +“ n(ax )n( 2 2) L @n(ax+1)>2 +a “( 2 2)n( 2 2
8 2 4 8 4
) ax 1
In| -— + = |1 +1
_ ¢ n( 2 2 ) n(ax ) _ azdilog(ax+1) _ azln(ax) In(ax+1) azdilog(ax)
4 2 2 2

Problem 64: Result more than twice size of optimal antiderivative.
arctanh(ax)2
X ( a?+1 )

Optimal (type 4, 62 leaves, 4 steps):

2
3 polylog(3, -1+ J
M -I—arctanh(ax)zln(z - ax2—|—1 ) — arctanh (a x) polylog(Z, -1+ ax2+1 ) - > ax+1
Result (type 4, 1196 leaves):
(ax+1)2 2 (ax+1)2 2
: el I el
Incsgn[l [ w - 1} ] csgn 4 5 arctanh(ax)2 Imtesgn ——— 5 |¢sen a 5 arctanh(ax)2

at+1 (ax+1) (ax+1) (ax+1)
1+————7;——— 1+—————5——— 1+—————5———
a?+1 _ 2a®+1 a®+1




ax+1

ax+1

-2 polylog[ 3, -

-2 polylog( 3,

+ arctanh(ax)2 1n( 1 -

+ 2 arctanh (a x) polylog[ 2,

ax+1

) + arctanh(ax)zln( 1+

ax+1

+ 2 arctanh(a x) polylog(z, __ax+l )

2
_ax+l +In(ax) arctanh(ax)2 - arctanh(ax)zln( w - 1)
[ 2211 -Cat+1

I (ax+1)2 1 3
2d®+1
Imesgn 5 arctanh(a x) 2
1+ (ax+1)
4 a?+1 +ln(2)arctanh(ax)2— arctanh(ax)zln(ax+l) _ arctanh(ax)zln(ax—l)
2 2 2
2 2 2
Incsgn(chsgn I[(ax+1) 3 arctanh(ax)?
d+1 (_x2a2+1)[1+(ax+1) ]
2 2.2
+arctanh(ax)21n( ax+1 I Inarcta;h(ax) 4 y Za*+1
N, 2d+1
2
I(ax+l)2 2
Imtesgn csgn| ———— | arctanh(ax) 2 2
2
(—x2a2+1) (I-I— (ax+1) ) 1+ (ax+1)2 Imtesgn Alax+1) csgn(%)arctanh(ax)2
4 2d®+1 2d®+1 J-Pad?+1 a4 1
4 4
2\2
Itesgn Alaxt+1) csgn[l(;x—;_l)] arctanh(ax)?
n N Zat+1 “xa”+1
2
(ax+1)2
+1)2 I " 2ar !
Incsgn(l((ax—z—lJ)csgn 5~ | csen 5 arctanh(ax)2 3
at+1 (ax+1) (ax+1) I(a)c+1)2 2
1+—2 1+—2 Imesgn — 5 arctanh (a x)
4 a?+1 a?+1 _ 2a®+1
2 4
2 3 2
Imesgn [(ax+1) 5 arctanh(ax)2 Imcsgn I 3 arctanh(ax)2
(-xzazﬂ)(u(“—j“) |y laxt+1)?
_ 2d+1 -Xd+1
4 2
3
Imesgn I 5 arctanh (a x) 2
1+ (ax+1)
4 2a®+1 _ arctanh(ax)3
2 3



Incsgn[chsgn I(ax+1)2 5 csgn I 5 arctanh(ax)2
at+1 (_x2a2+1)[1+(ax+1) ] 1_’_(ax+1)
_ 2d®+1 a4+
4
Problem 65: Result more than twice size of optimal antiderivative.
J arctanh(ax)2
(P +1)
Optimal (type 4, 64 leaves, 6 steps):
aarctanh(ax)? — arctanh (a.x)® + aarctanh(ax)* + 2 aarctanh(ax) ln(Z - ) —apolylog(Z, -1+ 2 )
X 3 ax+1 ax+1
Result (type ?, 4502 leaves): Display of huge result suppressed!

Problem 66: Result more than twice size of optimal antiderivative.
xzarctanzh(ax)3 dr
2 +1
Optimal (type 4, 99 leaves, 7 steps):
2 2
3 arctanh(ax)?In| ——— 3 arctanh lylog| 2,1 — ———
_arctanh(ax)3 _ xarctanh(ax)3 arctanh(ax)4 4 arctanh(ax) n( -ax+1 ) I aretan (ax)poyog( -ax+1 )
@ a? 44° a a
3 polylog| 3,1 — 2
POYIOB| 2 —ax+1

24°

Result (type 4, 796 leaves):

3 ax+1
arctanh(ax)’ In| ————
xalrctanh(ax)3 arc’[anh(ax)3 In(ax—1) arctanh(ax)3 In(ax+1) J-2ad+1 arctanh(ax)4 arctanh(ax)3
- — + + -
a? 24 24 @ 44 @
2\2 Imesgn I ’ arctanh (a x) 3
Iarctanh(ax)3ncsgn[M]csgn[l(;x—;_nj 1+ (ax+1)*
_ J-Zat+1 xat+1 " 2a®+1
24 24
Imesgn I ’ arctanh(a x) 3 2 2
1+ (ax+1)? Iarctanh(ax)3ncsgn[M csgn[l(;x—jl)]
-x“a” + V ox“at + -
_ X2 2 1 n X2 2 1 a“ +1
24a 4q°



3

I(ax+l)2

larctanh(a x)” mesgn 5 2 \3
(—x2a2—|-1) l+w Iarctanh(ax)3ncsgn M
i at+1 n at+1
44
2 2
Iarctanh(ax)31tcsgn I[(ax+1) 3 csgn %
(—x2a2+1)(1+—(ax—;1) ) 1+—(“X42'1)
Pa®+1 -Pa®+1
4q°
2 2
Iarctanh(ax)31tcsgn[I();x+l)]csgn [lax+1) 5 I 3
-xat+1 (-x2a2+1)(1+(ale) ) l_|_(ax-;-1)
4 2 +1 2a*+1
44°
2 2
Iarctanh(ax)3ncsgn[ I(;x;_l) ]csgn Ilax+1) 5 )
) -x“a® + + — arctanh(ax)“In| 1 + ——F—"—
a”+1 (x22 1)1 (ax—;—l) . 3 h( )21 1 (ax—;—l)
_ 2d+1 Iarctanh(a x) n 2d+1
4q° 24 @
2 2
3 arctanh(a x) polylog| 2, —w 3 polylog| 3, —w
4 2 +1 _ a4+
a 24
Problem 67: Result more than twice size of optimal antiderivative.
Jxarctanh(ax)3
2 +1
Optimal (type 4, 100 leaves, 5 steps):
] arctanh(ax)4 arctanh(ax)3ln( ——ax2+1 ) N 3arctanh(ax)2polylog(2,l T Tt ) B 3arctanh(ax)polylog[3, 1 - —_aj+1 )
4 q? a? 24° 24°
3polylog(4,1 - #)
-ax+1
+ 2
4a
Result (type 4, 784 leaves):
I 2 3
Imesgn arctanh (a x)
arctanh(ax)3ln[&] 1+ (ax—l—l)z
B arctanh(ax)Sln(ax—l) _ arctanh(ax)3ln(ax+l) " J-2d+1 _ arctanh(ax)4 _ Kt +1
242 242 a? 4 ¢ 242



I 3 3 I(ax+1)?

Imesgn -5 arctanh(a x) Iarctanh(ax)3ncsgn 3
1 Lt D2 (-2 +1) [ 14 lext D
2 2
" -Pad® +1 a1
24 44*
2 2
Iarctanh(ax)Sncsgn[(ax—;_l)]csgn I(ax+1) 5 csgn %
a*+1 ) (ax+1) (ax+1)
2 (ax+1)° (ax+1)°
(-?a>+1) |1+ > 1+ > 5
_ 2d+1 2d+1 n Imarctanh(a x)
402 2a2
3 L(ax+1) )\? I(ax+1)2 23\3
Tarctanh(ax) 7tcsgn[—2 csgn W IarCtanh(ax)3ncsgn[ I(axz-l—l) ]
_ J -2 +1 a _ -Pa®+1
44* 4q%
2 2 2
Iarctanh(ax)3ncsgn[M]csgn [(ax+1) 5
P’ +1 b (ax+1)
(P +1) [ 1+
+ d+1
4q*
2
I(ax+1)2 I
Iarctanh(ax)31tcsgn csgn| ———————— 2\2
(2 +1) 14 lextD? |4 lax+1)? larctanh(a.x)® mesgn| X1 csgn(M)
22 24 2 adt+1
+ a” +1 a +1 I a- +1
44° 24°
3arctanh(ax)2polylog[2 _(ax——i-l)z) 3arctanh(ax)polylog[3 —(ax——i_l)z) 3p01ylog[4 _(ax—"'l)z)
i arctanh(ax)31n(2) i T2+ _ T2+ n T2+
a? 24° 24? 442

Problem 68: Result more than twice size of optimal antiderivative.
J arctanh(ax)3
2 (-2 +1)
Optimal (type 4, 182 leaves, 13 steps):

3azarctanh(ax)2 _ 3aarctanh(ax)2 i azarctanh(ax)3 _ arctanh(ax i azarctanh(ax)4

2 2x 2 22 4

2 2
_ 2 _ x+1 _ +1 _
ax+1 2 2 2

)3 2

ax+1

+34° arctanh (a x) ln(Z - ) + o arctanh(ax)3 ln(Z

3d° polylog(2, -1+ ) 3d° arctanh(ax)zpolylog(Z, -1+ ) 3 ¢® arctanh (a x) polylog(3, -1+ 2 )
a ax

ax+1

2
3 a*polylog| 4, -1 +
apoyog( ax—l—l)

4
Result (type 4, 405 leaves):



3 2 2

2 4 2 2 3
_a arctar;h(ax) L a arctarzlh(ax) _3a arctznh(ax) _ 3aarct3nh(ax) _arctanh(ax) +a2arctanh(ax)3ln 1+ ax+1
* 2% J-2ad*+1
+3d? arctanh(ax)zpolylog[z, —L] — 6 a® arctanh (a x) polylog[3, coaxtl + 6 a? polylog[4, __ax+l )
SR +1 JRE+1 JR2E+1
+ a? arctanh (a x)3 ln[l _axtl +34d? arctanh(ax)zpolylog[2, —axrl 6 a® arctanh (a x) polylog[3, _ax+l )
J2d+1 J2E+T Ny
+6a2polylog[4, _axtl + 3 ¢? arctanh (a x) ln(l - &] +3a2poly10g[2, _axtl + 3 ¢ arctanh (a x) ln[l 4+ 4xT. +1
J2d+1 JR&+1 JR2E+1 JRE+1
+3d? polylog[2, o_axtl
J-2ad*+1

Problem 71: Result more than twice size of optimal antiderivative.
Jfarctanh(ax)
— dx
( 2 +1 )

Optimal (type 4, 99 leaves, 8 steps):

arctanh(a x) ln(—) olylo (2 1 - #)
~ X _arctanh(ax) arctanh(a x) arctanh(ax)2 _ -ax+1 _ POTYIOg| = -ax+1
4a3(-x2a2+1) 4q4* 2a4(—x2a2+1) 24 a* 24
Result (type 4, 202 leaves):
arctanh(a x) arctanh(ax) In(ax + 1) arctanh(a x) arctanh(ax) In(ax — 1) 1 In(ax+1) 1 In(ax—1)
4 + 4 T4 + 4 t - 4 t + 4
4a” (ax+1) 2a 4a" (ax—1) 2a 8a” (ax+1) 8a 8a” (ax—1) 8a
. ax 1 ax 1 ax 1 ax 1 ax 1
dil —-— + = | —1)In| — + = Inf -—— + = |[In| — + = Inf -—— + = |1 +1
In(ax—1)>2 log( 2 2) n(ax )n( 2 2) n( 2 2) n( 2 2) n( 2 2) nlax+1l) ) ax+1)2
4 - 4 - 4 - 4 + 4 B 4
8a 2a 4a 4a 4a 8a
Problem 72: Result more than twice size of optimal antiderivative.
J arctanh (a x) . &
2 (2 +1)
Optimal (type 3, 74 leaves, 10 steps):
2 2 _ 2
B a2 __ arctanh(ax) L4 xarctarzlh(ax) i 3 aarctanh(ax) +aln(x) — aln( Za +1)
4(-2a*+1) x 2(-2a*+1) 4 2
Result (type 3, 179 leaves):
_arctanh(ax)  aarctanh(ax) 3aarctanh(ax)In(ax+1)  aarctanh(ax)  3aarctanh(ax) In(ax—1) +aln(ax) — a _aln(ax+1)

X 4 (ax+1) 4 4 (ax—1) 4 8 (ax+1) 2



ax 1 ax 1 ax 1

3aln(ax—1)In[ & 4 ~ 3aln| -25 4+ = [ &£ 4+ =
a aln(ax—1) 3aln(ax—1)2 -amex )“(2 2) an( 2 2Jn(2 2)
8

— _l’_ —
8 (ax—1) 2 16 8

ax 1
3aln| -— + — |1 +1
an( 2 zjn(ax )_:’»aln(ax+l)2

8 16

+

Problem 73: Result more than twice size of optimal antiderivative.
J'xzarctanh(ax)2 dr
(—x2 a+1 )2
Optimal (type 3, 84 leaves, 4 steps):
2

X arctanh(ax)  arctanh(ax) xarctanh(a x) _ arc’[anh(ax)3
4a2(—x2a2—|—1) 4d° 2a3(—x2a2+1) 2a2(—x2a2+1) 64>
Result (type 3, 1739 leaves):
I 3 2
Imesgn arctanh (a x)
(ax+1)2 2 I(ax+1)2 3
5 1—|——2 Iarctanh(a x)“ mesgn — 5
___Tarctanh(ax) nx’ 4 2d®+1 I 2d+1
4a(ax—1) (ax+1) 4a® (ax—1) (ax+1) 8a° (ax—1) (ax+1)
2 3 2
Iarctanh(ax)zncsgn I[(ax+1) 3 Imcsgn % arctanh(ax)?
(-gam)(ww) 4 lext1)? 2
n a?+1 d+1 _arctanh(ax)“In(ax +1)
8a3(ax—l)(ax+l) 4a3(ax—1)(ax+1) 4q°
arctanh(ax)zln[ _axtl ]
n arctanh(ax)zln(ax—l) n J-Zat+1 . arctanh(ax)? . arctanh(ax)?
443 24 4a3(ax+1) 4a3(ax—1)
2 2
Icsgn ;2 arctanh(ax)zncsgn Ilax+1) 5
1+—(”j1) (—x2a2+1)(1+—(“x;r1) ]
" -Pad® +1 a +1
8a(ax—1) (ax+1)
I(ax+1)2 I(ax+1)2
23\2 Iarctanh(ax)zncsgn[—Jcsgn
Iarctanh(ax)zncsgn MJ csgn Alaxt+1) X at +1 (—x2a2+1) 1 + (ax+1)2
2d ey 2
+ a +1 a +1

4a(ax—1) (ax+1) 8a(ax—1) (ax+1)
Iarctanh(ax)zncsgn[M)ngn{ I(ax+1) ]zxz

2] Eran

8a(ax—1) (ax+1)




2 2
Icsgn ! 5 arctanh(ax)zncsgn[chsgn Ilax+1) 5
(ax+1) 2d+1 b (ax+1)
1+ 5 (-Pa®+1) |1+ 5 )
4 a?+1 2a®+1 n Imarctanh(ax)
8a3(ax—l)(ax+l) 4a3(ax—1)(ax+1)
2 3 2
Iarctanh(ax)zncsgn [(ax+1) 2 Icsgn - r arctanh(ax)? mx?
(w%ﬁ+1)[1+iﬂiiLﬁ] 4 dax+1)?
_ arctanh(ax)3x2 _ 2d®+1 i -d+1
6a(ax—1) (ax+1) 8a(ax—1) (ax+1) 4a(ax—1) (ax+1)
2
I 2 I(ax+1)2
Icsgn arctanh(a x)“ mwesgn 2\2
|+ (ax+1)? (2 +1) |1+ (ax+1)? Iarctanh(ax)2ncsgn[MJ csgn Alaxt1)
_ 2d+1 2d+1 a4 1 J-Zat+1
8a> (ax—1) (ax+1) 4a° (ax—1) (ax+1)
2
I(ax+1)2 I(ax+1)2
Iarctanh(ax)zncsgn[ —_— ] csgn 2 2
-’ +1 (-2 +1)[1+ (ax+1)2 Iarctanh(ax)%ccsgn(w)csgn Alax+1)
. 2] 2 41 IErr
8a3(ax—l)(ax+1) 8a3(ax—1)(ax+1)
3
( 1)2 3 Icsgn ﬁ arctanh(ax)znx2
I(ax+ ax+
Iarctanh(ax)zncsgn[—] X 1+ —
_ -Xd+1 _ 2d+1 _ X arctanh(a)c)3
8a(ax—1) (ax+1) 4a(ax—1) (ax+1) 4a* (ax—1) (ax+1) 64> (ax—1) (ax+1)
4 arctanh(a x) arctanh (ax) x*
4% (ax—1) (ax+1) 4a(ax—1) (ax+1)
2 2
Icsgn I 5 arctanh(ax)zncsgn[chsgn I(lax+1) 3
1_|_(ax—i-1) a®+1 (_x2a2+1)[1+(ax+1) ]
_ 2d+1 2d®+1
8a(ax—1) (ax+1)
Problem 74: Result more than twice size of optimal antiderivative.

Optimal (type 4,

177 leaves,

J arctanh(ax)3 . &
2 (-Ca+1)

12 steps):

2 2 2 3 2 3 4
B 30; 3a xarcta;nh(ax) 3aarctanh(ax)” Saarctangl(ax) + qarctanh(ax)3 — arctanh(a x) L a xarctanzh(ax) 3 garctanh(ax)
8 (-%a*+1) 4(-Pd*+1) 8 4(-2d*+1) x 2(-2d®+1) 8
) ) 3apolylog(3,—1+ 2+1 )
+ 3 aarctanh(ax)?In| 2 — — 3 aarctanh(a x) polylog| 2, -1 + ) — ax
ax+1 ax+1 2



Result (type 4, 441 leaves):

B 3a I 3a B arctanh(ax)3a2x i 3ozzxalrctanh(ax)2 _ 3arctanh(ax) a*x arctanh(ax)3a2x 3a2xarctanh(ax)2
32 (ax+1) 32 (ax—1) 8 (ax—1) 16 (ax—1) 16 (ax—1) 8 (ax+1) 16 (ax+1)
3 arctanh(a x) a’x ax+1 ax+1 3 garctanh(ax) 3 garctanh(ax) 3a%x
16 (ax+1)  oapoblog) 3, ————— | —6apolylog) 3, - T 16 (ax+1) 16 (ax—1 32 (ax—1
(ax+1) 2211 (221 (ax+1) (ax—1) (ax—1)
2
323“—i1 +3qarctanh(ax)2In| 1 — &) +3aarctanh(ax)2In| 1 + &J + 6 aarctanh (ax) polylog[2, _axtl
(ax ) J-Pat+1 J-Zat+1 N, 2 +1
3 3 2 2
+ 6 qarctanh(ax) polylog| 2. - ax+1 __aarctanh(ax)’  aarctanh(ax)”  3aarctanh(ax) 3 qarctanh(ax) —aarctanh(ax)3
Jj;f;f:fr 8 (ax—1) 8 (ax+1) 16 (ax+1) 16 (ax—1)
3aammMKaxﬁ _ Mdmm(axﬂ
8 X

Problem 82: Result more than twice size of optimal antiderivative.
J'xzarctanh(ax)2 dr
3
(—x2a2 +1)

Optimal (type 3, 147 leaves, 13 steps):

X _ X _arctanh(ax) arctanh(a x) arctanh (a x) xarctanh(ax _ xalrctanh(ax)2
R (2 +1)° 64 (Fd®+1) 64 a° 8a° (22 +1)7 8 (P +1) 48 (-2l2+1)" 8 (-Fd+1)
_arctanh(ax) 3
24 a®

Result (type ?, 2597 leaves): Display of huge result suppressed!

Problem 83: Result more than twice size of optimal antiderivative.

J arctanh(ax)2

x(-x2a24-1)3

Optimal (type 4, 178 leaves, 13 steps):

1 11 _axarctanh(ax) llaxmcmMMax)__llammMNax)z mamm(axﬁ ammMNax)z mmmm(axf
2 (22+1)° R(FP+1)  g(-2a2+1)° 16(-Fd®+1) 32 4(-2a?+1)>  2(2d+1) 3
) ) pobdog(3,—1-+ %+1 )
+arctanh(ax)21n 2 — — arctanh(a x) polylog| 2, -1 + - ax
ax+1 ax+1 2

Result (type 4, 1400 leaves):



(ax+l)2 _1] 2

[ I((ax+l)2_1) 2
Ichsgn[I[(ax——i_l)2 —IJ]csgn P ]

Zat+1

I 2
arctanh(ax)? Imtesgn csgn arctanh (a x)
d+1 (ax+1)2 (ax+1)2 (ax+1)2
1+ 5 1+ S 1+ S
-Pa®+1 _ -Pd®+1 -Pd®+1
2 2
—2polylog{3, ooax+l —2polylog[3, L] +arctanh(ax)21n(l + _axtl + 2 arctanh (a x) polylog[2, —L]
J-2a®+1 J-Xa+1 J-2a®+1 J-Xa+1
2
+arctanh(ax)2ln I—L + 2 arctanh(a x) polylog 2,L +In(ax) arctanh(ax)2—arctanh(ax)zln(w —1)
J-2d+1 J-Padt+1 P +1
I (ax+1)2 1 3
—x2a2+1 2
Imtesgn 3 arctanh(a x)
|+ (ax+1)
n 2d+1 n arctanh(ax)2 +ln(2)arctanh(ax)2— arctanh(ax)zln(ax—i-l) . arctanh(ax)zln(ax—l)
2 16 (ax—1)2 2 2
+arctanh(ax)21n ax+1 IJ'carctanh(ax)2 _ Sarctanh(ax)2
Ierra) ’ 16 (ax—1)
2 2 2
Incsgn[chsgn [lax+1) 5 arctanh(a)c)2
at+1 P (ax+1)
(-Pa?+1) [ 14 Laxt )
4 2a®+1
4
2
I(ax+1)2 I )
Imtesgn csgn| ————— | arctanh(ax) 2 2
(_x2a2+1) (1 + (ax+1)2 ] 1+ (ax+1)2 Incsgn[MJ CSgH(M)arCtanh(ax)z
" 2d+1 2d+1 . J-Pad+1 a4 1
4 4
2\2
Imtcsgn Alax+1) csgn Tlax+1)° arctanh(ax)?
2 -Zad® +1 2
N J-2d+1 a 4 arctanh (a x)
2 16 (ax+1)?
(ax—i—l)2
2 I 2 a2 —1
InCSgn(I(W—l))csgn ;2 csgn >a ] 5 arctanh(ax)?
a?+1 (ax+1) (ax+1)
l—i-—2 l—i-—2 )
d+1 d+1 5 arctanh(a x)

+

2 16 (ax+1)



T(ax+1)2 3 I 2 5

[ax+1 2 \3 Imcesgn ( +1)2 arctanh(ax)2 Imesgn ( +1)2 arctanh(a x)
Itesgn %) arctanh(ax)2 (—x2a2—|-1) 1+ax—2J 1+ax—2
_ -Pad® +1 _ Pad®+1 _ -Pad® +1
4 4 2
I 3 2
Imesgn 5 arctanh (a x)
1+ (ax+1)
N 2a®+1 4 (ax+1)2  3(ax+1)  3(ax—1) (ax—1)%2  3arctanh(ax) (ax—1)
2 512 (ax—1)%  32(ax—1) 32(ax+1) 512 (ax+1)? 16 (ax +1)
4 arctanh(ax) (ax — 1)2 3 (ax+1) arctanh(ax)  arctanh(ax) (ax+l)2 _ llarctanh(ax)2 _ arctanh(ax)3
128 (ax +1)2 16 (ax—1) 128 (ax —1)? 32 3
2 2
Imtcsgn M]csgn I[(ax+1) 3 csgn % arctanh(ax)?
a®+1 ) (ax+1) (ax+1)
(-Pa?+1) [ 14 Laxt)Z 14 Laxt o
_ -Pa® +1 Pd® +1
4
Problem 84: Result more than twice size of optimal antiderivative.
Jxarc’[anh(ax)33 &
(—x2a2+1)
Optimal (type 3, 170 leaves, 9 steps):
B 3x _ 45 x 45 arctanh(ax) i 3 arctanh(ax) 9 arctanh(a x) _ 3»xalrctalnh(ax)2 _ 9xarctamh(ax)2
2 2 256a (-Pa®+1) 256 4> 2 2 2 32482 (-Pd>+1) 2 2 32a(-2dlP+1)
128a (% a* +1) a a“+ a 32a* (-2d®+1) a a® + 16a (- a*+1) a a
_ 3arctanh(a)c)3 arctanh(ax)3
324° 402(—x2a2+1)2
Result (type ?, 2608 leaves): Display of huge result suppressed!
Problem 93: Result more than twice size of optimal antiderivative.
J arctanh(ax)4 &
(—x2a2+1)
Optimal (type 3, 120 leaves, 4 steps):
1 5 5 xarctanh(ax) Sxarctanh(a x) Sxarctanh(ax) Sarctanh(ax)2
B ) 3 ) 2 2 a2 ) 7t ) 2 22 32
36a (-2d*+1)°  96a (-2 +1)" 32a(-Fa+1) (-2 +1) 24(-2P2+1)° 16(-Fa+1) a
Result (type 3, 280 leaves):
arctanh (a x) arctanh(ax)  Sarctanh(ax) Sarctanh(ax) In(ax+1)  arctanh(ax) n arctanh(ax)  Sarctanh(ax)

48a (ax+1)3

16a (ax+1)> 32a(ax+1) 32a 48a(ax—1)>  16a(ax—1)> 32a(ax—1)



ax 1 ax 1 ax 1 ax 1
Sinf - 25 4+ = m[ &E + = S -2X + = |in(ax+1)  Sln(ax—1)In[ &£ + =
_ Sarctanh(ax) In(ax—1) _ n( 2 2 ) n( 2 2] n( 2 2) n(ax+1) n(ax—1) n( 2 2) _ Sin(ax+1)3

+
32a 64 a + 64 a 64 a 128 a
_ Shn(ax—1)% 37 N 37 N 1 3 7 3 1 B 7

128a 384a(ax+1)  384a(ax—1) 2884 (ax—1)> 384a(ax+1)> 288a(ax+1)> 384a(ax—1)>2

Problem 94: Result more than twice size of optimal antiderivative.
J arctanh(ax)3
. a dx
( 2 +1 )

Optimal (type 3, 263 leaves, 13 steps):

B 1 B 65 . 245 xarctanh(a x) I 65 xarctanh(a x) 245 xarctanh(a x) 245 arctanh (a x) 2
206a (-2 +1)°  2304a (-22+1)% T68a(-Pa>+1)  36(-22+1)° 576 (-2 +1)> 384(-FPa*+1) 768 a
arctanh(ax)2 _ Sellrctanh(ax)2 15 arctanh(ax)2 xarctanh(ax)3 5xarctanh(ax)3 Sxarctanh(ax)3 5arctanh(ax)4
2a(-2a?+1)°  3a(2P2+1)° 3Ra(Pd+1) (-2 +1)  24(-2P2+1)° 16(-Fd+1) 64a

Result (type ?, 3585 leaves): Display of huge result suppressed!

Problem 95: Unable to integrate problem.

J arctanh(ax)4 &
(—x2a2+1)

Optimal (type 4, 188 leaves, 21 steps):

Sarctanh(ax)3 /2 n erf(\/F\/ arctanh (a x) )\/?\/; _ erﬁ(\/F\/ arctanh (a x) )\/?\/? n 15 erf(\/?\/ arctanh (a x) )\/7\/?

24a 4608 a 4608 a 512a
15 erﬁ(\/?\/ arctanh (a x) )\/7\/; " 3erf(2\/ arctanh(a x) )\/; B 3erﬁ(2\/ arctanh (a x) )\/; n 15 sinh(2 arctanh(a x) ) / arctanh(a x)
512 a 512 a 512 a 64 a

_|_

3 sinh(4 arctanh(a x) ) «/ arctanh (a x) sinh (6 arctanh(a x) ) / arctanh(a x)
+
64 a 192 a

Result (type 8, 21 leaves):

J arctanh(ax)4 dr
(—x2a2+1)

Problem 100: Result more than twice size of optimal antiderivative.

J arctanh (a x)

dx

Optimal (type 4, 79 leaves, 1 step):



2 arctan( Noaxtl arctanh(a x) Ipolylog[ 2, “Wax+ 1 I polylog[ 2, IW-ax+1 ]
~ Jvax+1 _ Jvax+1 i vax+1
a a a
Result (type 4, 365 leaves):
1 lax
Tarctanh(ax) In| - - arctanh(a x) . arctanh (a x)
Il - —_— —_—
[ 22+ 224 J n( (1-=1) cosh( > + (1 +1) sinh > arctanh(a x)
V2l +1 PP+ )
2a a
Iarctanh(ax) In I + lax arctanh (a x) arctanh (a x)
ax \/—xzaz—i-l \/—x2a2+1 +Iln((l—l—l)cosh(%)+(1—I)sinh(%))arctanh(ax)
2a a
Iln( (1-1) cosh( arctan;(ax) ) (141 sinh( arctan;(ax) ))ln{ _ I _ lax ]
4 J-2d+1 J -2 +1
a
Iln((l +I)cosh(—ar0tan;(ax) )+ (1 —I)Smh(—aman;(”) ))m[ ! 4 lax
_ ~J—x2a24—1 J-12a24—1
a
Idilog[ S— _ o ax Idilog[ L 4 —lax
4 \/—xzaz-l—l \/—xzaz—l-l \/—xzaz-l—l \/—xzaz—l-l
a a
Problem 102: Unable to integrate problem.
J)c"'arctanh(ax)3 dr
J-x2d2+1
Optimal (type 4, 253 leaves, 21 steps):
5 arctan[ _axtl ) arctanh(a x)? 5Tarctanh(ax) polylog| 2, “llax+1) ] S5Tarctanh(ax) polylog(Z, Alaxt+1)
arcsin(a x) n J-2d+1 J-2d+1 n J-2d+1
4 4 4 4
a a a a
5Ipdybg[3,:jiﬂfj;Ll] 51pdybg[3,—£ukiill—
4 J-Pad+1 J-Zat+1 _ arctanh(ax) 2d+1 _ xarctanh(ax)?y -2 a® + 1
4 4 4 3
a a a 2a
_ 2arctanh(ax)3\/ d+1 _ xzarctanh(ax)3\/ a4+ 1
3a* 3d%

Result (type 8, 24 leaves):



J)c"'arctanh(ax)3 dr
N Zat+1
Problem 103: Unable to integrate problem.
Jxarc’[anh(ax)3 &
N Xd+1
Optimal (type 4, 174 leaves, 9 steps):
6 arctan[ _ax+l ] arctanh(ax)? 6 larctanh(a x) polylog(2, —llax+1) ) 6 larctanh(a x) polylog[ 2, Alaxt+1)
J-Zat+1 _ J-Zat+1 n v 2d+1
2 2 2
a a a
6Ip01y10g(3, M) 6Ipolylog[3, Alax+1)
n J-2d? 41 B J-Zat+1 B arctanh(ax)3\/ P a +1
2 2 2
a a a

Result (type 8, 22 leaves):

Jxarctanh(ax)3 &

Problem 104: Unable to integrate problem.

J arctanh(ax)3 dr

Optimal (type 4, 219 leaves, 10 steps):

2arctan( T j arctanh(a.x)’ 3Iarctanh<ax>2polylog[2, Llext1) ) 3Iarctanh(ax)2p01ylog[2, Llaxt1) )
J-Pd+1 JAl 1) JA2E+1
a a p
6Iarctanh(ax) polylog[3’ M] 6Ial‘ctar1h(ax) pOlleg[?), I(ax+1) 6Ipolylog[4, _I(ax+1) J
N J-2d+1 = JA2E+1
a a p
6Ip01ylog(4, M]
_ 2
+ J-Xa+1

a

Result (type 8, 21 leaves):

J arctanh(ax)3 dr



Problem 105: Result more than twice size of optimal antiderivative.
J xjarctanh(ax)
372
(Ca?+1)* 7

Optimal (type 3, 68 leaves, 5 steps):

_arcsin(ax) X I arctanh (a x) I arctanh(ax) +/ a?+1
4 4
a S a1 a1 a

Result (type 3, 143 leaves):
_ (arctanh(ax) — 1)y -(ax—1) (ax+1)

(arctanh(ax) + 1) -(ax—1) (ax+1) arctanh(ax)+/ -(ax—1) (ax+1)

+ +

24* (ax—1) 24* (ax+1) a*
Hn(——gﬁil——-—lj Hn(__ﬂﬁii__.+1
n J-Pad+1 _ J-Pad®+1
4 4
a a

Problem 120: Unable to integrate problem.

J'arctanh(ax)zwl -at+1 &
x2

Optimal (type 4, 231 leaves, 11 steps):

—2aarctan( _axtl arctanh(ax)2 — 4 aarctanh(ax) arctanh[ Joaxdl + 2Iaarctanh(ax) polylog(2, —llax+1)
J-2a +1 Vax+1 J2Z+1
— 2Iaarctanh(ax) polylog| 2, Llaztl) +2apolylog(2, —L—H) —2apolylog[2, yoaxtl ] —21ap01y10g[3, —llaxtl) J
N Jar ¥ T Jax ¥ T J2a+T
I[(ax+1) _ arctanh(ax)? - a*> + 1

+2 Iapolylog[ 3,
X

Result (type 8, 24 leaves):

J'arctanh(ax)zwl -at+1 dr
x2

Problem 129: Unable to integrate problem.

Jl/ a*+1 arctanh(ax)2 dx

Optimal (type 4, 200 leaves, 10 steps):



arctan( _ax+l arctanh(ax)? Iarctanh(a x) polylog[ 2, —llax+1) Tarctanh(a x) polylog[ 2, Alaxt1) J
_ arcsin(ax) n J-Zat+1 J-Zat+1 n J-Zat+1
a a a a
Ipolylog{ 3, —llax+1) ) Ipolylog[3, tlax+t1) ]
i J-Pa?+1 J-Zat+1 n arctanh(a x) +/ -Xd?+1 i xarctanh(ax)zwl 2d®+1
a a a 2
Result (type 8, 21 leaves):
J\/ - ad® +1 arctanh(ax)? dx
Problem 136: Result more than twice size of optimal antiderivative.
1
dx
J (—x2 a® +1 )5 ” arctanh(ax)3
Optimal (type 4, 67 leaves, 12 steps):
1 3x 3 Chi(arctanh(ax) ) 9 Chi(3 arctanh(a x) )
) 2,132 2 2, )32 + 8 * 8
2a (-2 a*+1)" "“arctanh(ax) 2 (-x*a*+1)" "“arctanh(ax) a a
Result (type 4, 179 leaves):
1

5 5 (3 arctanh(ax)2Chi(arctanh(ax) ) x a? +9arctanh(ax)2Chi(3 arctanh(a x) ) Za* -3 arctanh(a x) sinh(3 arctanh(ax) ) 2 a?
8a (xza — 1) arctanh(a x)

— cosh(3 arctanh(ax) ) Za*+ 3y at+1 arctanh(a x) ax — 3 Chi(arctanh(ax) ) arc’[anh(ax)2 — 9 Chi(3 arctanh(ax)) arctanh(ax)2
+ 3 sinh(3 arctanh(ax) ) arctanh(ax) +3 2@ + 1 + cosh(3 arctanh(ax)) )

Problem 138: Result is not expressed in closed-form.
tanh
Jarcan (x) &
b2 +a

Optimal (type 4, 293 leaves, 17 steps):

1n(1—x)1n[M] ln(l+x)ln[M] 1n(1+x)1n[—m+xﬁ] m(l_x)ln[ﬁﬂ\/?]
+ +

[T -JF [TedE ) [T -JF [T+ T
el el el el
olviog| 2. - (L= b olviog| 2. - (LX) B olviog| 2. L=x) VB olviog| 2. LX) VB
pov - PR | a2 AT L [ L [

T T T iy iy

Result (type 7, 89 leaves):



14+x 14+x

Rl — ——— Rl — ———
V-2 +1 V-2 +1
tanh 1 + dil
Z arctanh(x) In “RI ilog “RI
2 2
RI=RootOf((a+b) Z+2a—-2b) 2 +a+b) _RIfa+ _RIb+a—b
Problem 139: Unable to integrate problem.
h
J arctan (agx)/2 &
(dfz+c)
Optimal (type 3, 247 leaves, 8 steps):
a a (11 a20+6d) xarctanh(a x) 6 xarctanh(a x) 8 xarctanh(a x)

+
521052 (Petd) (dR+e) 7 Te(dl+e) 352 (dR+e) 358 (d +c)

(35a6c3+70a4c2d+56a2cd2+16d3)arctanh[“—dez“
Jd2c+d N a(19a*? +224%cd + 84d%) 4 16xarctanh(ax)

7 /2
3504(a20+d) / 357 (azc+d)3\/dx2+c 35t VdP +c

Result (type 8, 16 leaves):

356(a20+d) (dx2 +c)

arctanh (a x) dr
J (d? +¢)° "

Problem 140: Result more than twice size of optimal antiderivative.
ij’ (a + barctanh(cx) ) (d + eln( - +1)) dx
Optimal (type 3, 201 leaves, 14 steps):

b(2d—3e)x 2bex b(2d—e)x3 _ bex’ _ b (2d —3e) arctanh(cx) 2bearctanh(cx) exz(a + b arctanh(cx) )

+

8¢ 38 24 ¢ 18 ¢ g 3 A 12
_ ex*(a+barctanh(cx)) | bexin(-Z?+1) | beIn(-xX+1) _ e(a+barctanh(cx)) In(-c?o? +1)
8 403 12¢ 4C4
N x* (a4 barctanh(cx)) (d +eln(-Ax2 +1))
4

Result (type ?, 3783 leaves): Display of huge result suppressed!

Problem 141: Maple result simpler than optimal antiderivative, IF it can be verified!

J (a + barctanh(cx) ) (d +eln(-E2 +1))

¥ dr

Optimal (type 4, 101 leaves, 6 steps):



bc(d+e1n(-62x2+1))1n(1_ ! ]

_ce(a+barctanh(cx))?  (a+barctanh(cx)) (d+eln(-F2 +1)) L AP 41
b X 2
- bcepolylog(z, ﬁ—“)
2

Result (type 3, 63 leaves):

(a—Ian)eln(-czx2+l) (a—Ian) (celn(-cx+1)x—celn(-cx—1)x—d)

- +
X X

Problem 142: Maple result simpler than optimal antiderivative, IF it can be verified!

J (a + barctanh(cx) ) (d +eln(-E2 +1))

dx
A

Optimal (type 4, 183 leaves, 15 steps):

2% e (a+ barctanh(cx)) A e (a+barctanh(cx))? b bAeln(-Zx% +1) be (-2 +1) (d+eln(-2x2+1))
- —bceln(x) + -
3x 3b 3 62
b (d+en(-Zx*+1))1 1—;) b & epolyl (2;J
_ (a+barctanh(cx)) (d+eln(-FP+1)) ¢ (d+eln( )) n( D e G Y
3.0 6 6

Result (type 3, 81 leaves):

(a—Ian)eln(—czxz+l) (a—Ian) (c3eln(—cx+1)x3—c3eln(—cx—l)x3+Zeczx2—d)

i 30 " 30

Problem 143: Unable to integrate problem.
J (a + barctanh(cx)) (d +eln(g:2 +£) )
x2

dx

Optimal (type 4, 493 leaves, 28 steps):
g(-gx2+l)

cin _Sﬁi eln cln eln(ex?
_ (a +barctanh(cx)) (d+eln(g2 +7)) 4 bel [ f )(d_l_ In(gx* +1)) ~ bel [ P tg ](d+ In(gx*+/) )
X 2 5

bcepolylog(z,%j bcwolylog[&l—k%) beln(—cx+1>1n[c(j¢'__if__xf_g?)}¢?

- -

’ ’ : 27




beln(cx+1)ln[ c(\/—_f—x\/g) ]\/E beln(cx+l)ln[ c(\/—_f+x\/E) ]\/E beln(—cx+1)ln[ c(\/-_f+x\/g) ]\/E
4 oV f+Jg _ oV f =g n oV f+Jg
27 N 2V
(—cx+1)JE) [ (cx+1)J§] [ (—cx+1)J§]
bepolylog| 2, -~———2Y | [ bepolylog| 2, -~———"Yo | [o bepolylog| 2, ————2Yo | [o
. ST -Vx ) ST-VE ), /T +/E
27 27 27
(ex+1)Jg j [ xJg ]
bepolylog| 2, ———Y= | [g 2 a earctan Jg
. NTT ) V7
N 7
Result (type 8, 26 leaves):
J(a+barctanh(cx)) (d+eln(g? +1)) 4
XZ

Test results for the 19 problems in "7.3.5 u

Problem 1:

Result more than twice size of optimal antiderivative.

J’x3 arctanh (b x +a)2 dx

(a+b arctanh(ctd x))"p.txt"

(bx +a)3arctanh(bx + a)

Optimal (type 4, 251 leaves, 19 steps):
_ax | (bx+a)? | aarctanh(bx+a) N (64> +1) (bx +a) arctanh(bx +a) _ a(bx+a)’arctanh(bx +a) N
b 12 6 b* 2 b* 6 b*
2
2a (a® 4+ 1) arctanh(bx +a) In| ————
_a(@+1)arctanh(bx+a)® _ (a* +6a>+1) arctanh(bx +a)? | *arctanh(bx+a)® a(a® +1) arctanh(bx +a) n( “hx—a+1 )
b 4p* 4 b*
) 5 5 a(az—i-l)polylog(Z,M)
4 In(1 — (bx+a)?) 4 (64> +1)In(1 — (bx+a)?) + -bx—a+1
12 p* 4p* b*
Result (type 4, 966 leaves):
bx a 1
In[ -=—= — =2 + = |In(bx+a+1
a2 In(bxta—1) , In(bx+a+1) | In(bxta+1)? , In(bx+a—1)> n( 2 2 2)“( ¥ta+l)
126 1207 3p* 3p* 16 5% 16 5% 8 b*
bx a 1 bx a 1
In[ -—= -2 += |In| = +% 4+ =
4 n( 2 2 2) n( 2 2 2) 13»alrctalnh(bx+a)a3 arctanh(bx +a) x arc’[anh(bx+a)x3 i 3a21n(bx+a—1)2
8 b* 6 b* 2 6b 8 b*
3 4 bx 1
dilog| == + = + —
Sln(bx+a—1)2 +a “’g( 2 2) L din(br+a—1)?  Harctnh(bx+a)? | 3dm(br+a+1)? | @in(brtat1)’
»* 16 5* 4 8 p* 4 p*



. bx a 1
dil — + =+ =
2 a 1og( > > J

aln(bx+a—1) | aln(bx+a+1) |, 3ln(bx+a+1)d®>  3In(bx+a—1)a*> aln(bx+a—1) 2
a 4 + 4 + 4 + 4 a 4 + 4
2b 2b 2b 2b 4b b
bx a 1
In(bx+a—1)In| = + = + =
an(bx+a+1)?  dn(bxtat1)? HbxTa )n( 2 "2 z) arctanh (bx +a) In(bx +a — 1)
+ 4 + 4 a 4 + 4
4b 16 b 8 b 4b
3 bx a 1 bx a l) 4 bx a 1)
In[-—= -2+ || =+32 +— In| -== — % + = |In(bx+a+1
_arctanh(bx+a) In(bx+a+1) Sax _ - n( 2 2 z)n(z 2 "2) YT T2 n(bx+a+1)
4p* 6b° 2 b 8 b*
4 bx a 1 bx a 1)
In[-—= -2+ |In| =+ +—
+a n( 2 2 2) n( 2 2 2) arctanh(bx+a)x2a i 3arctanh(bx—i—a)xa2 +arctanh(bx+a)1r1(bx+a—1)a4
8 b* 27 20 4 p*
_arctanh(bx +a) ln(bx—l—a—l)a3 4 3arctanh(bx +a) ln(bx—l—a—l)a2 _arctanh(bx+a)In(bx+a—1)a
b* 2 bt
_ arctanh(bx+a) In(bx+a+1)a*  arctanh(bx+a)In(bx+a+1)a®  3arctanh(bx+a)In(bx+a+1)d*
4p* b* 2p*
bx a 1 bx a 1
In(bx+a—1)In[ = + = + — In| -— — = +—= |In(bx+a+1
_arctanh(bx+a)ln(bx+a+l)a+an( rrd )n( 2 2 2) _“n( 2 2 2)11( xtatl)
»* 2 2%
+aln(—%—%+%)ln(%+%+%) _3a21n(bx+a—1)ln(%+%+%) +a3ln(bx+a—1)ln(%+%+%)
2% 4 p* 2%
) a41n(bx+a—1)1n(%+§+%) ) 3a21n(—%—%+%)1n(bx+a+1) +3a21n(—%—%+%)ln(%+%+%)
8" 4b* 4%
3 bx a 1
In[ -— — = + = |In(b 1
- n( 2 2 +2) n(bx+at+l) . aarctanh(bx +a)
25% 25%

Problem 2: Result more than twice size of optimal antiderivative.
Jxarctanh(bx +a)2 dx

Optimal (type 4, 132 leaves, 12 steps):

2
2 tanh(bx +a) In| ————
(bx +a)arctanh(bx+a) aarctanh(bx+a)2 _ (az+1)arc’[anh(bx+a)2 i xzarctanh(bx+a)2 aarctanh(bx +a) n( -bx—a+1 )
b? b? 2 b? 2 b?
2 volvlo (2 M)
" In(1 — (bx+a)?) n POYOB & o —a+1

2 b2 b?



Result (type 4, 364 leaves):

xzarctanh(bx+a)2 arctanh(bx+a)2a2

B i arctanh(bx +a) x

i arctanh(bx +a)a  arctanh(bx +a)In(bx+a—1)a

2 267 b b? b?
4 arctanh(bx +a) In(bx+a —1)  arctanh(bx +a)In(bx+a+1)a  arctanh(bx+a)In(bx+a+1) I 1n(bx+a—l)2
20? b? 2p? 8 b°
bx a 1 bx a 1
In(bx+a—1)In| — + = + — Inf -— — =+ = |In(bx+a+1
B n(bx+a )n( 2 "2 2} L In(bx+a—1) | In(bxtat1l) | In(bxt+at1)? n( 2 2 2)11( xta+l)
4 b? 27 2b? 8 b? 4 b?
bx a 1 bx a 1 . bx a 1 bx a 1
Inf-——-=+—=|In| —+ = +—= dil —_— + = + = In(bx+a—1)In| — + = + —
n( 2 2 2)“(2 2 2) aln(bx +a—1)2 ‘“Og(z 2 2) aln(bx+a )n(z 2 2)
+ — + +
4 p? 4 b b? 2p?
bx a 1 bx a 1 bx a 1
Inf -— — =+ = |In(bx+a+1 In| -——-—=+—=|In| —+—= +—=
+aln(bx+a+1)2_an( 2 2 2)“““ ¢ )+”n( 2 2 2]“(2 2 2)
4 b? 2p? 2b?
Problem 3: Result more than twice size of optimal antiderivative.
Jarc’[anh(bx+a)2 &
S
Optimal (type 4, 358 leaves, 21 steps):
2
p*arctanh(bx +a) In| ————
_barctanh(bx+a) _ arctanh(bx+a)? | bln(x) arctanh (b +a) n( —bx—a—i—l) _ PIn(-bx—a+1)
(-a>+1)x 257 (-a®+1)° 2(1—a)? 2(1—a)?(1+a)
~ bzarctanh(bx+a)ln(bx+2ﬁ) B 2abzarctanh(bx+a)ln(bx+2ﬁ) +2ab2arctanh(bx+a)ln[ =) fbbxx+a+1))
2 (1+a)? (-a® +1)° (-a® +1)°
-bx—a—1 2 2
b? polylog| 2, ———— b? polyl 2,1——) b? polyl (2,1——)
_ BIn(bx+a+1) poyog( —bx—a—i—l) n poyog( bx+a-+1 +a POTyI08 bx+a+1
2(1—a) (1+a)? 4(1—a)? 4(1+4a)? (-a®+1)*
2bx
p*polylog| 2,1 —
- poyog( (1—a) (bx+a+l))
(- +1)°
Result (type 4, 1612 leaves):
. bx a 1 . bx+a—1 . bx+a+1
30adilog[ 22+ 4+ L 20 adilog[ 2xFa—1 252 adil (—)
¢ “’g[ 2 2 2] Paln(bx+a+1)> “ log( 1+a ) e S

2(-14+a) (1+a)2(242a) 4(-14+a)2(1+a)2(24+2a) (-1+a)2(1+a)2(24+2a) (-1+a)2(1+a)?(2+2a)



bzln(bx-i-a—l)ln(? + = +

1 23 X a 1
- P2 dilog[ 22 + & 4+ =
2 z) | 2 arctanh(bx +a) aln(bx) _ “ “’g( 2 )

N tot3 B a®In(bx+a+1)?
2(-1+a)?>(14+a)?>(2+2a) (—1+a)2(1+a)2 2(-1+a)>(14+a)*(-2+4+2a 4(—1+a)2(1+a)2(2+2a)
2 2 4 bx 1 2 . bx 1)
1 2 1 =
B PaIn(bx+a—1)>2 3ba dlog( 2 3 2t 2) Paln(bx+a—1)>2 3b ad“’g( 2 3 P
4(-14+a)>(1+a)’>(-2+2a) 2(-1+a)>(14+a)?>(2+2a) 4(-1+a)>(1+a)’>(-24+2a) 2(-1+a)’>(1+a)?(2+2a)
. bx 1
b dilog| 2= + 2 +
n bzazln(bx+a+1) n 1og( 2 2 2) n barctanh(bx +a) bzln(bx+a+1)
(-14+a)>(1+a)>(24+2a) 2(-14+a)’>(1+a)>(2+2a) (-1+a) (1+a)x (-1+a)>(1+a)?>(2+2a)
b? dil —+— -
N Pin(bx+a—1) L PdIn(bx) log( ) ~ Pln(bx+a+1)>
(-14+a)>(1+a)?>(-2+2a) (-1+a)3(1+a)3 2(-1+a)> (1 +a)’>(-2+2a) 4(—1+a)2(1+a)2(2+2a)
bx+a-—1 bx+a+1 bx
2bh%al In| == —— 26%al A EL L Zaln| -== - 2 )1 1
- arctanh(bx+a)2 B b“aln(bx) n( 1 +a J B b aln(bx) n( ) 3b°a ( 2 2 + = 2 n(bx+a+1)
252 (-1+a)>(1+a)?>(-2+2a) (-1+a)? (1+a)2(2+2a) 2(-1+a)>(14+a)?(-2+4+2a)
2 _bx a1 bx a1 2 3 (_bx _a lj 23(bx_£ _) (ﬂ a l)
_3ba1n( 2 2+2)ln(2+2+2)+baln( > 2+21n(bx+a+l)_baln 2 2+2ln2+2+2
2(-1+a)> (1 +a)?>(-2+2a) 2(-1+a)>(14+a)?>(-2+4+2a) 2(-1+a)> (1 +a)’>(-2+2a)
22 _ bx ya 1 2 _ bx a1 2,3 _ bx , a l)
+3baln(bx+a l)ln( 2 +2+2) 3baln(bx +a 1)ln( > +2+2J b*a’In(bx+a l)ln( 2 +2+2
2(-1+a)>(14+a)?(2+2a) 2(-1+a)>(14+a)?>(2+2a) 2(-1+a)>(14+a)?(2+2a)
20262 In(bx) h{M) 202 a2 In(bx) 1n(bx+—“+1) 3b2a21n(-ﬂ—ﬁ l)1n(bx+a+1)
n -1+4+a B 14+a B 2 2 2
(-14+a)?(1+a)?>(-2+2a) (-14+a)?(1+a)?>(2+4+2a) 2(-1+a)> (1 +a)?>(-2+2a)
2 2 bx bx 1
1 - = In| == + =
+3ba n( 2 2+2) ( 2 +2+2) P In(bx+a—1)>2 B PIn(bx+a—1)
2(-1+a)>(1+a)?>(-2+2a) 4(-1+a)>(1+a)’>(-2+2a) (-14+a)’(1+a)?>(-2+2a)
. bx+a—1 . bx+a+1 . bx a 1
212 42 dil 2221( ) 231___)
" badlog( -1 +a ) B b%a” dilog 1 +a B b2a3ln(bx—|-a—1)2 b%a dilog 2 +2+2
(-14+a)?(1+a)?>(-2+2a) (-1+a)>(1+a)>(2+4+2a) 4(-14+a)’>(1+a)>(-2+2a) 2(-1+a)>(1+a)*>(2+2a)
2 _ﬂ _a 2 _H _a H a l 2 2 4. bx a 1 J
_bln( - 2+2)ln(bx+a+l)+bln( - 2+2)1(2+2+2)+ 3badllog(2+2+2
2(-1+a)> (1 +a)’>(-2+2a) 2(-1+a)>(14+a)?>(-2+4+2a) 2(-1+a)> (1 +a)’>(-2+2a)
N B a*In(bx+a+1)? B b2 In(bx) _ bParctanh(bx +a) In(bx+a—1) + b2 arctanh(bx +a) In(bx +a +1)
4(-1+a)>(1+a)>(2+4+2a) (-1+a)*(1+a) 2(-1+a)? 2(14a)?

Problem 4: Result more than twice size of optimal antiderivative.

J(dex+ce)2 (a + barctanh(dx +¢) ) dx



Optimal (type 3, 63 leaves, 6 steps):

b (dx+c)? N & (dx+¢)? (a + barctanh(dx +¢) ) L b (1 — (dx+c)?)
6d 3d 6d

Result (type 3, 173 leaves):

2 3 2
""33—“2 Ydlacd +xalé + a3cde2 + 4 a“’tanh(d;‘”)"}bez + darctanh(dx + ¢) 2 beé +arctanh(dx +¢) xb 2 & + arCta“h(d’é;;c) be'e
N dbé X +xbce2 bt | bdln(dx+c—1) | bfIn(dx+c+1)
6 3 6d 6d 6d

Problem 5: Result more than twice size of optimal antiderivative.

J(dex—i—ce)z’ (a + barctanh(dx +c¢))? dx

Optimal (type 3, 145 leaves, 13 steps):
abfx  b& (dxte)® | b (dxtc)arctanh(dxte) | b (dxte) (a+barctanh(dx+c)) _ & (a+barctanh(dx+c))?
2 12d 2d 6d 4d
¢ (dx+c)* (a+barctanh(dx +¢))? | b2 In(1 = (dx+¢)?)
4d 3d

Result (type 3, 731 leaves):

+

abl e abcé +3dx2£1262€3 +d2A3abe3
6d 2d 2 6

& arctanh(dx +¢)?* 02 darctanh(dx+c) P02 Sabln(dxte—1)  Sabln(dxtc+]1)
4 6 4d 4d

2d%arctanh(dx +¢) X abceé +3darctanh(dx +¢) Pabl & +d X a*cd +

+

2 bzarctanh(dx+c)1n(dx+c—l) e3b2arctanh(dx+c) In(dx+c+1)

4d 4d
3.9 dx c 1 2 dx c 1 ) ( dx c )
Pln(dx+c—1)In[ 2 + £ 4 = Pl BT (S U [ MY
¢ n(dx+ec=1) n( » T T 2) N “( R | arctanh(dx +¢)? ' arctanh(dx +¢) b2 €
8d 8d 4d 6d
arctanh(a’x—i—c)xb2cze3 xabd e

> + > —i—2arctanh(a’x—|—c)xabc3e3

ébzln(—ﬂ—§+%)ln(dx+c+l) 3
8d *

arctanh(d x + ¢) b2 e
2d

4 3 3 4 3 2 2 3
arctanh(dxz-lc-lc) abdd | d arctanh(d);+c)x abe P arctanh(dx 4 ¢) 23 B e + 3darctanh(dx2+c) PbFe

darctanh(dx +¢) ¥ b*cé | dxlabced | abdx  dPlE PSS ) 3 xb?ced | Pxra’SE | Al
> + > +2+4d+12d+xace3+6+ 2 +

arctanh(dx + ¢) xb? & +e3b21n(dx+c—l) +e3b21n(dx+c+1) +e3b21n(dx+c—l)2 +e3b21n(dx+c+1)2
2 3d 3d 16d 16d

+ arctanh(dx —|—c)2xb2 ;e +

Problem 6: Result more than twice size of optimal antiderivative.



J(dex+ce)2 (a + barctanh(dx + ¢) )2 dx

Optimal (type 4, 167 leaves, 11 steps):
b x _ bzezarctanh(dx+c) 4 bé (a’x+c)2 (a + barctanh(dx +c¢)) n & (a +barctanh(d)c+c))2 I & (dx+c)3 (a +barctanh(a’x+c))2
3 3d 3d 3d 3d
2bez(a+barctanh(dx+c))ln(ﬁ) i b2e2polylog(2,:3§:—;:i]
3d 3d
Result (type 4, 582 leaves):
2 2 2 2 2
arctanh(dxs-;c)b ara +arctanh(dx+c)2xb2c2e2+ 2arctanh(dx3+c)xb cé n dxz;zbe2 Al L e+ d arctanh(dx3+c) X b? &

darctanh(dx +¢) 2 b* | abln(dx+c—1) | abéIln(dx+c+1) | b>arctanh(dx +¢) In(dx+c—1)
+ + + +
3 3d 3d 3d
) bzezln(—ﬂ—£+l)1n(dx+c+1) bzezln(dx+c—1)1n(ﬂ+5+l)
+bezarctanh(dx+c)ln(dx+c+1) 2 2 2 3 2 2 "2
3d 6d 6d

+

dx c 1 dx c 1
p 1 [————+—)1 (—+—+—j
2N T ) T2 o) 2xabed | abd @, arctanh(dx+¢)?b? P @, 2arctanh(dx+c) abd &
6d 3 3d 3d 3d

2 2 2 2 2
+d arctanh(dx+c)2.xzbzcez+ 2d arctanh(d;c+c)x3abez +23rctanh(dx+c)xabc262+ a3cjlez + b3cdez +xd? P&+ dx"'?,—aez

) , , , bzezdilog(ﬂ+5+l) , .
PIn(dx+c—1) P n(dx+c+l) | P*én(dx+c—1) 2 2 " 2) bPlm(dxtc+l) +bezx

6d 6d + 12d B 3d 12d 3
+2darctanh(dx +¢) P abcé

_|_

Problem 7: Result more than twice size of optimal antiderivative.

J(dex—l—ce) (a + barctanh(dx +¢) )2 dx

Optimal (type 3, 89 leaves, 8 steps):

b?e (dx +c) arctanh(dx +¢) e (a+barctanh(dx+c¢))? | e(dx+c)? (a +barctanh(dx +¢))% | b2eln(l — (dx+c)?)
abex + 4 — 24 + > d + 2d

Result (type 3, 389 leaves):
2 2 2 2 242
dx22a € L dcet azc,je 4 darctanh(dxz+c) Lble +arctanh(dx+c)2xb2ce+ arctanh(dxz—;c) B Pe

arctanh(dx +¢) b’ ce 4 eb?arctanh(dx +¢) In(dx +c—1)  eb’arctanh(dx +¢) In(dx +c+1) N eb?In(dx+c—1)>
d 2d 2d 8d

+ arctanh(dx +¢) xb?e

_|_



dx c 1

P In(dx+c—1)In[ = + = + =

| ebiimldate )n( 2 "2 z) ebIn(dx+c—1) . eb’n(dxtet+1)  ebIn(dxtc+1)?
4d 2d 2d 8d

ebzln(—%—%+%)ln(dx+c+l) ebzln(—%—%+%)ln(%+%+%j
- 73 + 2 + darctanh(dx +¢) ¥ abe +2arctanh(dx +¢) xabce

arctanh(dx+c)abc2e abce eabln(dx+c—1) eabln(dx+c+1)

b —
p +abex + P + 2d 2d

Problem 8: Result more than twice size of optimal antiderivative.

(a + barctanh(dx +¢))? dr
dex+ce
Optimal (type 4, 164 leaves, 8 steps):
2 (a + barctanh(dx + ¢) )2arctanh( -1+ ;) b (a + barctanh(dx +c¢)) polylog(Z, 1— ;)
B -dx—c+1) -dx—c+1
ed ed
2 2 2 ) 2
b (a + barctanh(dx + ¢) ) polylog| 2, -1 + ———— b“ polylog| 3,1 — ——— b”polylog| 3, -1 + ————
4 -dx—c+1 n -dx—c+1 ) -dx—c+1
ed 2ed 2ed
Result (type 4, 892 leaves):
2 2
) ) ) b? arctanh(dx+c)polylog(2, —W+—c+l)2] bzpolylog[3, _w’x+—c+l)zj
a“In(dx +c) b”In(dx + ¢) arctanh(d x + ¢) 1 — (dx+c) 1 — (dx+c)
+ — +
de de de 2de
2 2 2 dx+c+1
bzarctanh(dx+c)21n[ (dX+C+1)2 _ 1) b arctanh(dx+c) ln{l + >
1 — (dx+c) n 1 — (dx+c¢)
de de
2 b? arctanh(dx + ¢) polylog{Z, o dxterl ] 2b2polylog(3, o dxterl bzarctanh(dx+c)21n(l - dxtetl )
N 1= (dx+¢)* ) 1= (dxte)® ) 1— (dx+c)?
de de de
2 b? arctanh(dx + ¢) polylog[Z, dxtctl J 25 polylog(3, dxtct] ]
N J1—(dx+e)? ) 1 — (dx+¢)?
de de
1[ (dx+c+1)2 _1) 3
_ 2
1b? mesgn 1= (dx+c) 5 arctanh(dx + ¢)?
i (dx+c+1)
n 1 — (dx+c¢)?

2de



1( (dx+c+1)2 _1J

2 _ 2
Ibzncsgn[l(wlx—i_—c—i_l)2 —lj)csgn ! 5~ | csen 1= (dx+c) 3 arctanh(dx + ¢)?
1 —(dx+c) 1+ (dx+c+1) 1+ (dx+c+1)
N 1 — (dx+¢)? 1— (dx+c)?
2de
I[ (a’x+c+1)2 _1] 2
2 _ 2
Ibzncsgn[l[w’x—'_—c—l—l)2 —lj)csgn 1= (dxtc) 5 arctanh(dx—i—c)2
1 —(dx+c) |+ (dx+c+1)
B 1 — (dx+¢)?
2de
1[ (dx+c+1)2 _1) 2
_ 2
Ibzncsgn I csgn 1 = (dx+c) arctanh(d x + 0)2
- (dx+c+1)2 4 (dx+c+1)2
3 1 — (dx+c¢)? 1 — (dx+c¢)? . 2abln(dx+c) arctanh(dx+¢) _ abdilog(dx+c+1)
2de de de
_abln(dx+c)In(dx+c+1)  abdilog(dx+c)
de de

Problem 9: Result more than twice size of optimal antiderivative.

J (a + barctanh(dx + ¢) )2 dr

(dex+ce)2
Optimal (type 4, 104 leaves, 6 steps):

2 ) 2
2b (a + barctanh(dx +¢) ) In| 2 — ——— b polylog| 2, -1 + —=——
(a+barctanh(dx+¢))? _ (a+barctanh(dx +¢))? (a +barctanh(dx +c)) “( dx-i—c-i—l) ~ p°y°g[ . dx-i—c-i—l)
dé dé (dx +c¢) dé dé
Result (type 4, 395 leaves):
i a? _ b*arctanh(dx +¢)? L 2b%In(dx +c) arctanh(dx +¢) _ b*arctanh(dx +c) In(dx+c+1)  b*arctanh(dx +c) In(dx+c—1)
dé (dx+c) dé (dx+c) dé dé dé
. dx c 1 dx c 1
b dilog| — + = + = b In(d —)In| =+ = + =
_ Plndx+e—1)% “’g[ 2 T2 +2) N n(dx+c )n( 2 T3 +2J L Pn(dx+ct1)?
4dé dé 2dé& 4dé
dx c 1 dx c 1 dx c 1
PIn| -——= — = + — |In(d 1 PPln| -~ — =+~ |In| ==+ = +—
n( 2, a2t 2) n(dx+e+1) n[ 2 27 z)n( 2 T2 7 2} _ Pdilog(dx+c+1) _ bln(dx+c)In(dx+c+1)

B 2dé * 2dé& dé dé

bzdilog(dx—i-c) 2 abarctanh(dx + ¢) 2abln(dx +c) abln(dx+c+1) abln(dx+c—1)
— — + - —
dé dé (dx+c) dé dé dé




Problem 10: Result more than twice size of optimal antiderivative.
J(dex+ce)2 (a + barctanh(dx +c¢) ) dx

Optimal (type 4, 251 leaves, 14 steps):

AR iy Pé(dxte)arctanh(dxte) _ b (atbarctanh(dx+c))® | b (dxtc)® (a+barctanh(dx+¢))? | & (a+barctanh(dx +¢))°

+ +

d 2d 2d 3d
3 3 be2(a+barctanh(dx+c))2ln(;) 3 5
& (dx +¢)? (a + barctanh(dx +¢) ) -dx—c+1 B In(1 — (dx+c¢)?)
+ - +
3d d 2d
b & (a + barctanh(dx +c)) polylog(2, 1 - ;) b3e2p01ylog(3, 1 - ;J
-dx—c+1 -dx—c+1
B d + 2d

Result (type 4, 1785 leaves):

ezabzln(—ﬂ—ﬁ—l-l)ln(ﬂ—l-i—l-l) 2 2 3 2 2 3
2 2 2 2 2 2 arctanh(dx +c¢)?ab> A& | arctanh(dx +c¢) ab®> P& | arctanh(dx +c¢) a> b &
- + + + + 3 arctanh (d x
2d d d d
3 2
—I—c)zxabzcze2 +2alrctanh(a’x+c)xabzce2 +3arctanh(dx+c)xa2bczez— 1€b Ttarct;t:ih(dx—i-c) +d2arctanh(dx+c)2x3ab262 + darctanh(d x
2 _
be) Ral? @ +darctanh(dx + ) £ b +darctanh(dx +¢)3 2 b e + £4P a“’ta“h(dxzc) In(dx+c—1)
Fab?In(dx+c—1) 1n(ﬂ +< +lj ezabzln(—ﬂ -< 4 l)1n(dx+c+1)
+_¥a#mﬁdex+cHde+c+l)_ 2 2 2 4 2 2 2 _+aﬁcg
d 2d 2d d
2 2 3 3 2 3
yabce l;jez +ddd e + arctanh(dx +¢)3x b3 A A + arctanh (dx + ¢)2xb e 2 + & arCtanh(d’;+c) Sl damanh(dx;c) Satil
bl In(dx+c+1) | &blarctanh(dx+c)?In(dx+c—1) | &b arctanh(dx +c)?In(dx+c+1)
+ + +
2d 2d 2d
3 2 dx+c+1 2
¢ b’ arctanh(dx + ¢) ln[ > ] b arctanh(dx—%—c)polylog(Z, _Mx-l——c—l—l)zj 3
1 — (dx+c) 1 — (dx+c¢) arctanh(dx +¢) b c&
- - +
d d d
arctanh(dx +¢)3 b3 A& | arctanh(dx +¢)?b> 2 @b’ In(2) arctanh(dx +¢)? | ab*In(dx+c—1)
+ + - +
3d 2d d 2d
2 2
Iezb3narctanh(dx+c)zcsgn I 5~ | csen I(dxtctl) 3
{4 (dx+c+1)2 (1—(dx+c)2)[1+ (dx—l—c—}-l)z] X
B 1— (dx+c) 1 — (dx+c) _ Fab’ln(dx+c+]1)
4d 2d
& ab? dilo (ﬂ + < +l)
Fab’ln(dx+c—1)? 8l 2 2 2 FabPln(dx+c+1)> | &bldln(dx+c—1) | a>bx’de ) Prae
* 4d N d N 4d 2d Ty el dns T



3 _(dxtet1)?
b pdylog[3’ 1 — (dx+c)? Zbarctanh(dx +¢)? b arctanh(dx +¢)? | &b’ arctanh(dx +¢)
+ arctanh(dx +¢) xb> & + + — +
2d 3d 2d d
A3l 1+ W"'—C"'l)z]
B 1 — (dx+c¢)? a3 3
p + 3d +xa &
1% b® marctanh (d x + ¢) % csgn I 5 CSgn(w]csgn [(dx+c+1)2 .
1+(dx+c+lg 1 — (dx+c) (1= (dx+c)?) 1+(dx+c+lzj
4 1 — (dx+c¢) 1 — (dx+c)
4d
1 3
Ie2b3narctanh(dx+c)2csgn 3
(dx+c+1)
I+ =
1 —(dx+c)

+3d arctanh(dx +¢) 3P ab*ce® +3darctanh(dx +¢) P a?bee® — 57

2
3 Ie2b3narctanh(dx+c)2csgn I(dxtetl)

12 b® marctanh (dx + ¢)? csgn M (1= (dx+¢)?) [1 i (dx+c+1)? ]
+ L= (dxte)? ) 1 — (dx+c)?
4d 4d
Ie2b37tarctanh(dx+c)2csgn ! 2 ) 2
1+W+—(:—i-1)2 Iezb3narctanh(dx+c)zcsgn[M) csgn( I[(dx+c+1) )
n 1= (dx+c)? ) _ 1 —(dx+c) 1 — (dxtc)
2d 2d
2
Iezb3narctanh(dx+c)zcsgn[chsgn [(dx+c+1)? .
1 — (dx+c) (1—(dx—|—c)2)[1+ (dx+c+1) )
- 1 — (dx+c¢)?
4d
Iezb3narctanh(dx+c)zcsgn(chsgn I(dx+c+1) \?
1 — (dx+c¢) 1—(dx+c)2 ,
* 4d +xd’bcé

Problem 13: Result more than twice size of optimal antiderivative.
J(fx—i—e)z (a + barctanh(dx +¢) )2 dx
Optimal (type 4, 360 leaves, 16 steps):

B2 x L 2abf(-cfted)x _ b2 /2 arctanh (d x + ¢) + 202 f(-cf+ed) (dx +c) arctanh(dx + ¢) + bf2 (dx+c)? (a + barctanh(dx +¢))
3d? a? 3d3 a3 343




_ (~efted) (P —2cdef+ (2 +3),) (a+barctanh(dx +¢))? + (3d? —6cdef+ (32 +1) /) (a+ barctanh(dx +¢) )?
3d8f 34

eter® (ot bactanh(dr40))? 2P (Bl —6cdef+ (3 +1)£) (a+barctanh(dx +¢) ) 1r1( ﬁ)
3f - 3

_|_

2 2 2 ) -dx—c—1
N Pf(-cf+ed) (1 — (dx+e)?) b2 (3 d* & 6cdef+(362+1)f)polylog(2, S —— )
d3 3d3

Result (type ?, 2693 leaves): Display of huge result suppressed!

Problem 15: Result more than twice size of optimal antiderivative.
J(fx+e)2(a+barctanh(dx+c))3dx
Optimal (type 4, 534 leaves, 21 steps):
ab’fx N B £ (dx+c) arctanh(dx +¢)  bf* (a+barctanh(dx +c¢))? L 3bf(cf+ed) (a + barctanh(dx + ¢) )?
d? & 24 &
L 3bf(-cf+ed) (dxtc) (a + barctanh(dx + ¢) )? N bf (dx+c)? (a + barctanh(dx +c))?
& 24
_ (-cfted) (d*F —2cdef+ (2 +3) ) (a+barctanh(dx +¢))3 + (3d? —6cdef+ (32 +1) /) (a+ barctanh(dx +¢) )3
3d8f 34
2
6621 (- d b arctanh (d In[| ————
(fx+e)® (a+barctanh(dx+c))® J(-ef+ed) (a+barctanh(dx +c)) n( dx—c+1 )
3f &
b(3R2E —6edef+ (3 +1)£) (a+ barctanh(dx + c) )Zln( 2

-dx—c+1 ] N B AIn(1 — (dx +¢)?)
a3 24

3B f(-cf+ed) polylog(Z, :Zi:—z;i) GBRE—6edef+ (3 +1)£) (a+barctanh(dx +¢) ) polylog(z, - ;)

_|_

_ B -dx—c+1
& &

P (BEE—6edef+ (3cz+1)f2)polylog[3,1— ;)
-dx—c+1

_|_

2
Result (type ?, 12290 leaves): Display of huge result suppressed!

Problem 16: Result more than twice size of optimal antiderivative.

J(a + barctanh(dx +¢) )3 dx
Optimal (type 4, 130 leaves, 6 steps):



. 3b(a+barctanh(dx +c) )2ln( ;J

(a+barctanh(dx+c))3 i (dx +c) (a+barctanh(dx +c))” -dx—c+1
d d d
307 (a +barctanh(dx+c))polylog(Z,1—;j 3b3p01y10g(3,1—;j
~dx—c+1 ~dx—c+1
B d * 2d

Result (type 4, 345 leaves):

2
3B arctanh(d x +c)21r1[1 + ldxtet1)” ]

3 313 3 3 _ 2
syt &€ +arctanh(dx+c)3xb3 4 arctanh(dx +c¢)° b’ ¢ n b’ arctanh(dx +c¢)” 1 — (dx+c)
d d d d
2 2
3 b3 arctanh (dx + ¢) polylog| 2, WJF—CH)Z) 33 polylog[3, M“L—CH)Z) o
_ 1 —(dx+c) i 1 —(dx+c) +3arctanh(dx+c)2xab2+ Jarctanh(dx +c)“ab’c

d 2d d

2 2
5 ) 6 arctanh(dx + ¢) ln[l+wx+—c+1)2]ab2 Z’apolylog[Z,-—(dx-'_c_'_l)2 Jabz
4 3ab arctanh(dx +¢)” 1 - (dx+c) - I = (dx+c) + 3arctanh(dx + ¢) xa* b
d d d
3arctanh(dx +¢) a*bc 3a2bIn(1 — (dx+¢)?)
+ d + 2d

Problem 17: Result more than twice size of optimal antiderivative.

J (a + barctanh(dx +¢) )3
(fx+e)?

dx

Optimal (type 4, 1067 leaves, 33 steps):

2 2 3 2 2
_ (a+barctanh(a’x+c))3 4 3ab®darctanh(dx +c) ln( -dx—c+1 ) I 3 b darctanh(dx +¢) ln( -dx—c+1 ) _ 3a2bdln( -dx—c+1)
f(fx+e) f(-cf+ed+f) 2f(-cf+ed+f) 2f(-cf+ed+f)
2 2 2 2 3 2 2
- 3ab“darctanh(dx + ¢) ln( PP ) . 6 a b darctanh(dx + ¢) 1n( P ) B 3 b’ darctanh(dx + ¢) ln( p—— )
f(-cf+ed—f) (-cfted+f) (ed— (c+1)f) 2f(-cf+ed—f)
3 2 2
N 3 b7 darctanh(dx +¢) 1“( dx+ec+1 ) 3 bdin(dx+c+1) | 3abdIn(fx+e)
(-c¢f+ed+f) (ed—(c+1)f) 2f(-cf+ed—)) £ = (-cf+ed)?
) 2d (fx+e) 3 2 2d (fx+e)
6’ darctanh(dx+0) 1n( ST i ] 30 darcanhdx +c) ln( ST i i— )
(~cft+ed+f) (ed— (c+1)f) (~cfted+f) (ed—(c+1)f)
3ab2dpoly10g(2 M) 3b3darctanh(dx+c)polylog(2 1 - ;) 3ab2dpolylog[2 1—;)
+ T -dx—c+1 + ’ -dx—c+1 + ’ dx+c+1

2f(-cf+ed+f) 2f(-cfted+f) 2f(-cfted—f)



B 3ab2dpoly10g(2, 1 - ﬁ) N 3 b darctanh(dx +¢) polylog(Z, 1—- ﬁ) B 3 b darctanh(dx +¢) polylog(Z, 1 - ﬁ)
(-cf+ed+f) (ed— (c+1)f) 2f(-cf+ed—f) (-cf+ed+f) (ed— (c+1)/)
2 _ 2d (fx +e) 3 _ 2d (fx+e)
+3abc@dﬂ%(21 (—q4ed+ﬂ(dx+c+l)J_+3bdmmmmdx+dpdﬂ%(zl (—q4ed+ﬂ(dx+c+l)j
(-cfted+f) (ed— (c+1)f) (-cf+ed+f) (ed— (c+1)f)
3b3dpolylog(3 1 - ;) 3b3dpolylog(3 1 - ;) 3b3dpolylog(3 1— ;)
_ ’ -dx—c+1 + ’ dx+c+1) ’ dx+c+1
4f(-cf+ed+f) Af(-cf+ed—f) 2(-cf+ed+f) (ed— (c+1)f)
3 _ 2d (fx+e)
N 3 dp°1y1°g(3’l (-cf+ed+f) (dx+c+1) )

2(-cft+ed+f) (ed— (c+1)f)
Result (type ?, 6293 leaves): Display of huge result suppressed!

Test results for the 351 problems in "7.3.6 Exponentials of inverse hyperbolic tangent functions.txt"

Problem 12: Result more than twice size of optimal antiderivative.
2 2EAT
—— dx
ax+1
Optimal (type 3, 61 leaves, 7 steps):
(—)c2512+1)3/2 +arcsin(ax) _I_\/—xzaz-l-l _x\/—xzaz—i-l
3a° 24 a 24°

Result (type 3, 133 leaves):

[ 2
arctan a X >
2 -(x+l)2a2+2a(x+l) ‘(x+l)2a2+2a(x+l) arctan[— M]
(22 , a) , ) TEEe [ZET
3d° @ tgﬁﬁ 24% 2f/f

Problem 13: Result more than twice size of optimal antiderivative.
\lﬁga24—1
— dx
(ax-i—l)x2
Optimal (type 3, 33 leaves, 5 steps):

aarctanh(%) — @

X
Result (type 3, 161 leaves):



[ 2
3 h a? arctan[ .
242 [_ 2.2 2

_(xza +1) —J-2a*+1 xd® — Ca+ 1 +a/—(x+l] a2+2a(x+l)

X P a a

Va
/2

a? arctan X

1)? , 1
-(x+—) a +2a(x+—)

4 a a

Ja&

+aarctanh[ ;) —a+ -at+1
N Zat+1

Problem 14: Result more than twice size of optimal antiderivative.
J-2d+1
———————jr(h
(ax+1)x
Optimal (type 3, 74 leaves, 7 steps):

a3arctanh(\/—x2a2+1 ) _ \/—xzaz—i-l I ay 2ad® +1 _ 2a2 -2 ad? + 1
2 3 2x° 3x

Result (type 3, 206 leaves):

a‘%rctan[ﬂ
(P21 2 (2l +1)

[ 252 g2 2
—a*xy-Pat+1 - Ca 1 +a3/—(x+l) a2+2a(x+lj
30 x " a a
4 \/azx

a’ arctan 1

1\? 2 1 I
. /‘(”ZJ i Chard Lal2a+1)” JZai ) A EEAT
J& 22 2 2

& arctanh [

Problem 18: Result more than twice size of optimal antiderivative.
2
(—x2a2+1)3/
3 dx
(ax+1) X

Optimal (type 3, 56 leaves, 8 steps):

3aarctanh<\/m) _ \/m . 4a\/m

X ax+1

Result (type 3, 260 leaves):



&J (—(x+l)2a2+2a(x+—

3 ¢® arctan
(_x2a2+1)5/2 2 5 3, 3y -2d+1 xd? [\/ 2a?+1 a a 2
- —a*x (-P2d® +1) - — — a(-2a
X 2 2 1 3
2ya a® (x+—)
a
2 1)\ 5 1
3 | 12 3/ 3a —x—i—; a”+2a x—i—; X
+1) +3aarctanh| ———— | —3a P a* +1 +a[—(x+—) a2+2a(x+—)) +
N a®+1 a a 2
[ 2
3 ¢? arctan —
2
/-(x-i—l) a2+2a(x+—)
i a a
2\ d?
Problem 19: Result more than twice size of optimal antiderivative.
(~2a?+1)* 7
(ax+1)3x5
Optimal (type 3, 117 leaves, 19 steps):
statactanh(V 2 11) [P R W U e ol o W Y sV o W X A e el
8 44 2 8 2 X ax+1
Result (type 3, 358 leaves):
P Py 3 p 514 arctanh[ ;J 5
(—x2a2+1)5 23a2(—x2a2+1)5 17a4(—x2a2+1) 51a*y -2d> +1 J-2d+1 a(—x2a2+1)5
- - + + - +
4 x4 812 8 8 8 e
[ 2
5/2 12a5arctan[—/LJ a[ (x-i— ! )2a2+2a(x+ ))5/2
3(._ 2 . 5 - — =2
+ 8a’ ( a +1) +8a5x(—x2a2+1)3/2+12a5x Xa*+1 + ol +1 a 4
[ 13
a (x+—)
a

X

5,2
3/ 1\2 1
—12615/—()64-—] az+2a(x+—)x
a a

a

i 3a2(—(x+l)2a2+2c21[x+;)j
oD

—8a4(—(x+%)2a2+2a(x+;j)

a



12 & arctan

Problem 20: Unable to integrate problem.
ax+1

IErEsun

X

Optimal (type 3, 180 leaves, 17 steps):

ln[l_ (-ax+1)1/4\/7 +mj\/7

-2 arctan M — 2 arctanh (ax—|—1)1/4 _ (ax+1)1/4 Jax+1
(-ax+l)1/4 (-ax+l)1A 5

ln[1+ (cax+1)' AT LV ax T J\/?
(ax-{-l)l/4 NCTESE

(—ax-+l)1/qdfr Jz

; 1 /4
+ —arctan| -1 + (cax+1) 1/:‘/7]\/7—arctan 1+ W
2 (ax+1) (ax+1)
Result (type 8, 26 leaves):
ax+1
J-Padd+1 dx
X
Problem 21: Unable to integrate problem.
ax+1
J-Pat+1 &
x2

Optimal (type 3, 61 leaves, 6 steps):

_ (-ax+1)3 /4(ax+l)1 /4
X

(ax+1)1/4 (ax+l)1/4
— aarctan[ m) —aarctanh[ m

Result (type 8, 26 leaves):



ax+1

IErEsun
XZ

Problem 22: Unable to integrate problem.
ax+1

ErZsn
<

Optimal (type 3, 86 leaves, 7 steps):

a? arctan( MJ a? arctanh( MJ
_aCax+ 1) Alax )4 axt )P A (ax b 1) A (cax+1)' ) (cax+1)1 /A

4x 22 4 4
Result (type 8, 26 leaves):

ax+1

IErZsn
b

Problem 23: Unable to integrate problem.

J ax+1 3 /2
_— X" dx
[\/—x2a24—1 ]

Optimal (type 6, 27 leaves, 2 steps):

x1+mAppellF](l +m, %, —%,2 +m, ax, —ax)

1+m
Result (type 8, 26 leaves):

J ax+1 3/
_— X" dx
[\/—x2a24—1 ]

Problem 24: Unable to integrate problem.

J ax+1 5 /2
_— X" dx
[\/—x2a24—1 J



Optimal (type 6, 27 leaves, 2 steps):

5

x1+mAppellF](l +m, 7 —%,2 +m, ax, —ax)

1+m
Result (type 8, 26 leaves):

J ax+1 5/2
_— X" dx
[\/—x2a24—1 ]

Problem 25: Unable to integrate problem.

5,2
J ax+1 3 de
w/ﬁgaz—kl
Optimal (type 3, 246 leaves, 16 steps):

475 (-ax+ 1) A (ax+1)1 /4 +49(ax+1)5/4 N 1722 (-ax+1)3 4 (ax+1)5 /4 N (max+1)3 4 (ax+1)5 7 (452ax +521)

64 a* a(—ax-{—l)l/4 44% 96 ¢*
_ 1 /4 _ 1 /4 -ax +1 1 /4 2 Vv-ax+1
475 arctan| -1 + L4x 1) /\/7 V2 475arctan| 1 + (cax+1) /‘/7]\/7 4751n[1— ( ) 1/;/_ + V2
4 (ax+1)1 4 4 (ax+1)1 4 4 (ax+1) Jax+1
128 a* 128 a* 256 a*
_ 1 /4 oxT 1
4751 1 + L2ex+ 1) 1/F pyaxtl ) &
B (ax+1) Jax+1
256 a*
Result (type 8, 26 leaves):
5,2
J[ ax+1 J 3 de
w/ﬁgaz—kl
Problem 26: Unable to integrate problem.
X dx
ax—+1

J-Xa*+1
Optimal (type 3, 223 leaves, 15 steps):

11 (—ax+1)1/4(ax+1)3 /4 _ xz(—ax+1)5/4(ax+1)3/4 _ (-4ax+25) (—ax—i—l)s/“(ax—i-l)3 /4
64 a* 4a? 96 a*




L (rax+ ) AT (-ax+ 1) AYT 1 1_(—ax+1>1/4ﬁ+J—ax+1 5
11 arctan| -1 + V2 11 arctan| 1 + V2
1 /4 1 /4 1 /4
+ (ax+1) + (ax+1) (ax+1) Jax+1
128 a* 128 a* 256 a*
llln[1+ (-ax+l)1/4\/7 +\/-ax+l j 5
. (ax+1)! /A Jax 1
256 a*
Result (type 8, 26 leaves):
X dx
ax+1
J-Zat+1
Problem 27: Unable to integrate problem.
X dx
ax+1
\/ﬁga24-1
Optimal (type 3, 215 leaves, 15 steps):
(—ax-%l)l/hJE_J
3arctan| -1 + \/7
3(—ax+1)1/4(ax+1)3/4+ (—ax+1)5/4(ax+1)3/4_x(—ax+l)5/4(ax+1)3/4_ ( (ax+1)1/4
8a° 124° 34° 164°
- 1 /4 —ax+1)1 A2 Vv -ax+1 cax+ 1)1 A2 v -ax+1
3arctan1+(ax+1) /\/7 J2 31n1—( )1/:‘/—+ J2 31n1+( )1/;/_-{- J2
(ax+1)1 7% i (ax+1) vax—+1 _ (ax+1) vax—+1
1643 324° 324°
Result (type 8, 26 leaves):
X dx
ax+1
J-Za*+1

Problem 28: Unable to integrate problem.



o
[ ax+1 J3/2

dx

Optimal (type 6, 27 leaves, 2 steps):
x1+mAppellF1(l +m, —%, %,2 +m, ax, —ax)
1 +m

Result (type 8, 26 leaves):

X"
[ ax+1 J3/&

dx

Problem 29: Unable to integrate problem.

X
[ ax+1 J3/&

J-Xa*+1
Optimal (type 3, 223 leaves, 15 steps):

4l (cax+ 1) A lax+ D' A R ax+ )7 Alax+ 1) A (dax+11) (cax+ D) Aax+1)! A

dx

64 a* 4 q* 324*
1 /4 _ 1 /4 - 1/4 -
Ly ax ) A (L Cax+ D)V AT ) gy o Lext DIAVE L Jaxd L
123 arctan| -1 + 7. 3 arcta + /4 1 /4
4 (ax%—Ul 4 4 (ax+1) 4 (ax+1) vax+1
128 a* 128 a* 256 a*

Jz

- 1 /4 e
1230 1+ Laxt D AVE L VraxF
(ax+1)1A' vax+1

256 a*
Result (type 8, 26 leaves):

ax+1 3 /2
[\/—x2a24-1 J

Problem 30: Unable to integrate problem.



x2
[ ax+1 J3/2

dx

Optimal (type 3, 215 leaves, 15 steps):

(-ax+1)1/4\/7 Jz

17 (~ax+1)3 A (ax+1)! /4 N (cax+1)7 A ax+ 1) A x(cax+1)7 A (ax+1) (ax+1)! /4

| /4 l7arctan[ -1+

2443 44 3d° 1643
- 1 /4 =
(—ax+1)1/4\/7)\/7 l71n[1— (-ax+1) 1/:1/7 L Cax T Jﬁ
(ax+1)1/4 _ (ax+1) Jax+1
164° 324
- 1/4 =
171l 1+ (-ax+1) J2 _i_\/ ax+1 JZ
(ax+1)1/4 vax+1

324
Result (type 8, 26 leaves):

17 arctan[ 1+

_|_

x2
32 dx
{ ax+1 ]
J-Padd+1
Problem 31: Unable to integrate problem.
X
dx
{ ax+1 ]5/2
J-Pad?+1
Optimal (type 3, 214 leaves, 15 steps):
(-ax+1)' Ay7
25 arctan| -1 + J2
2(-ax+1)9/4 +25(—ax+1)1/4(ax+1)3/4 i 5(-ax+l)5/4(ax+l)3/4 _ (ax+1)1/4
az(ax+1)1/4 44° 24° 8 a?
) | /4 - 1 /4 e
25arctan[1+ (cax+1) /\/TJ\/T 251n[1— (cax+1) 1/:‘/7 + ax 1 ]\/7
(ax+1)' 7% n (ax+1) Jax+1

8 a? 16 a*

asil 14 (-ax+ 1) AT L axE T
(ax+1)1/4 vax+1

16 a?




Result (type 8, 24 leaves):

X

dx
ax+1 5 /2
J-Pdd+1
Problem 32: Unable to integrate problem.
! dx

5,2
ax+1 ] 3

J-Zat+1
Optimal (type 3, 106 leaves, 8 steps):

(ax+1)1/4 (ax—i—l)l/4 )

2 2
9 /4 25aammn( ) 25aammM{

25a2(—ax+1)1/4+5a(—ax+1)5/4_ (-ax+1) i (—ax+l)1/4 (-ax+l)1/4
2 (ax+1)1 /4 dx(ax+ 1)1 A 22 (ax+1)1 A 4 4
Result (type 8, 26 leaves):

1

dx
5,2
ax+1 3
\lﬁga24—1
Problem 33: Unable to integrate problem.
! dx

ax+1 5 /2 4
E— X

w/ﬁgaz—kl
Optimal (type 3, 129 leaves, 10 steps):

3 (ax-i—l)l/4
| /4 55a arctan[—

_287a3(—ax+1)1/4_ (—ax+1)1/4 13a(—ax+1)1/4_61a2(—ax+1) . (—ax+1)1/4
24 (ax+1)! /4 38 (ax+1) 4 122 (ax+1)' A 24x(ax+1) /A 8
55a° arctanh[M}
i (-ax-l—l)l/4
8

Result (type 8, 26 leaves):



1
[ ax+1 ]5/2x4
I=ray

dx

Problem 34: Unable to integrate problem.

1

ax+1 5/29
[\/—x2a24—1 )

dx

Optimal (type 3, 152 leaves, 11 steps):

1 /4
| Ja 475 ¢* arctan( Max+1) 7 j

2467a (cax+1)' A (cax+ D' 1Ta(cax+ D)4 113 (cax+ ) A 218 (caxt )AL (-ax+1)! /A
192 (ax+1)! /4 4xt (ax+ 1)1 4 2483 (ax+1)1 /A 9622 (ax+1)' /4 192x (ax+1)' /4 64
1 /4
475 ¢* arctanh[ LI)AJ
_ (—ax+1)1
64

Result (type 8, 26 leaves):

1

{ ax+1 ]Sﬂx5
-at+1

dx

Problem 35: Unable to integrate problem.
1/3
J L) 2 dx
V-2 +1
Optimal (type 6, 24 leaves, 2 steps):
1 1
! +mAppellF'](l +m, —, -—,2 +m,x, -x)

6’ 6
1+m

Result (type 8, 21 leaves):
1/3
J[ 1 +x ] 2 de
V-2 +1

Problem 36: Unable to integrate problem.



1/3
x dx

J[ 1 +x
V-2 +1
Optimal (type 3, 164 leaves, 15 steps):

_ 1 /6 _ 1 /6 _ 1 /6
arctan[ %J arctan[ 2((1—x) —\/T ] arctan[ 20 =x) 7 +\/T

U=+ =S4T (1+x0)' /) | +x)1 /0 B (1+x)! /0
6 2 9 18 18
1-0'7" _ (-x'AyF (1-0'7"  (-x'A/F
S ST TE L A N i T AT A
36 36

Result (type 8, 19 leaves):

1/3
x dx

J( | +x

Problem 37: Unable to integrate problem.

Optimal (type 3, 268 leaves, 25 steps):

(1-x)' /5 2(1—x)' /5 2(1—x)' /5 (1+x)"7/
-2 arctan( m) - arctan( m - \/T — arctan m +\/T — 2 arctanh m

ln(l_(1+X)1/6+(1+X)1/3] ln(1+(1+x)1/6+(1+x)1/3) [1_2(1+x)1/6}\/?
+ arctan \/?

N (1-0'"% a-n'7A) (1-0)'6 (-0~ (1-x)'7/

2 2
1 /6
(1+2(1+—x)1/6j\/? In
(1 —x) J3 -

3

(1-x)'7”  (1-x)//3 J (1-0'7  (1-x'//3 ]
1 - J3 |1 J3
" (1+x)! 73 (1+x)!/° N "t (1+x)! 73 " (1+x)! 7

2 2

— arctan
3

Result (type 8, 21 leaves):

Problem 38: Unable to integrate problem.



Optimal (type 3, 168 leaves, 14 steps):

h =/
=)’ =S4T aretan [ (1 —x)! /6

6x ) 2 9 36
2(1+x)1/6 2(1+x)1/6
] - =——= 1+ == |3
1+x)' % (1+x)! A [ | — 1/6] ( [ — 1/
) ln(1+ a —x)1/6 + (l—x)1/3 ) arctan ( 3x) V3 B arctan ( 3x) V3
36 18 18

Result (type 8, 21 leaves):

Problem 39: Unable to integrate problem.

X
Optimal (type 3, 104 leaves, 4 steps):
(1—x)'7~
In(x) | In(1+x) 3ln[l+ (1+i)1/3 3n((1—x)' B = (1+x)!753) J3 . 200-0)' A3 J3
- + + + — arctan| - + \/T + arctan| ——
2 2 2 2 [ 3 3(14x)' 73 ] [ 3
z(l—x)l/WTJ
+ 3
3(14x)! 753 V3

Result (type 8, 21 leaves):

1 4+x 2 /3
(=]

Problem 40: Unable to integrate problem.



1 +x 2/3
[\/—x2+1J &

S
Optimal (type 3, 86 leaves, 4 steps):
J3  2(1-x)' B3
2 arctan + 3
=02 0+0' =020+t ) N n((1—x)' 72— (14+x)'753) N 3 3(14x)! 73
3x 22 9 3 9
Result (type 8, 21 leaves):
[ 1 +x J2/3
\/—xz;l &
Problem 42: Unable to integrate problem.
o (2d 1)
(ax+1)3
Optimal (type 5, 134 leaves, 9 steps):
3x1+mhypergeom([l, 1 + ﬂ], [é + 2 ,xzaz) ax2+mhypergeom([l, 1+ ﬂ}, [2 + ﬂ],xzaz)
272 2 2 2 n 2 2 2
I +m 2+m
4 x! T hypergeom i,l + 2 3 + 224 4 a x* T"hypergeom 1,1+ﬂ 2+ 2282
n 272 2 2 2 . 2 2 2
1+m 2+m
Result (type 8, 25 leaves):
o (2d 1)’
(ax+1)3

Unable to integrate problem.

Problem 43:
Jen arctanh(a x) " dx
Optimal (type 6, 31 leaves, 2 steps):
xyﬂﬂﬁwdﬂﬁ(l-%m,%,—332-%m,ax—ax)
1 +m

Result (type 8, 13 leaves):



Jen arctanh(a x) " dx

Problem 44: Unable to integrate problem.
J & arctanh(a x) dx

Optimal (type 5, 53 leaves, 2 steps):

21+§(—ax+1)1_%h ergeom| | - Z 12| oo cax 1
) ypele 20 2/ 272 T2
a(2—n)
Result (type 8, 9 leaves):
J & arctanh(a x) dx
Problem 45: Unable to integrate problem.
& arctanh(a x)
— dx
S
Optimal (type 5, 93 leaves, 3 steps):
-z 142
- 5 2@n(-ax+1) 2 (ax+1) 2h 21— 1] -2 zaxtl
_(-ax+1) 2 (ax+1) 2 _ a'n(-ax+1) (ax+1) ypergeom| | < 20 2] ax+1
25 2—n
Result (type 8, 13 leaves):
& arctanh(a x)
— dx
S
Problem 46: Unable to integrate problem.
& arctanh(a x)
———fI———dx
X
Optimal (type 5, 127 leaves, 5 steps):
-2 1+2 -2 1+2
(-ax+1) 2(ax—i—l) 2 _an(-ax+1) 2(ax—i—l) 2
3 6 x>
-2 142 -
2a3(n2+2)(—ax+1) 2 (ax+1) 2hypergeom 2,1—2 R R ax+1
2 2 ax+1

3(2—n)
Result (type 8, 13 leaves):



7 dx

& arctanh(a x)
X

Problem 51: Unable to integrate problem.

ax+1

J (—acx—i—c)p\/m dx

Optimal (type 5, 53 leaves, 3 steps):

(-acx+c)tt? hypergeom( [

Result (type 8, 31 leaves):

J (-acx+c)P-2d*+1 dx

Problem 52: Result more than twice size of optimal antiderivative.

J (-acx+c)+ 2a®+1 &

ax+1

Optimal (type 3, 53 leaves, 4 steps):

3 carcsin(a x) +3c\/—x2a2+1 +c(—ax+1)\/—x2a2+1

2a 2a 2a

Result (type 3, 113 leaves):

J& x

'n 2 carctan
carctan S 1?2 1 1?2 1
2C\/‘(X+—J a2+2a(x+—) /-(x+—) a2+2a(x+—)
a a a

_cxy -at+1 _ N -2at+1 n i
2 2 [ 4 Ja&

Problem 57: Result more than twice size of optimal antiderivative.
3 /2
(2 +1)*"

(ax+l)3(-acx+c)

dx

Optimal (type 3, 39 leaves, 3 steps):
_arcsin(ax) 2 (-ax+1)

ca ac+ -at+1

Result (type 3, 291 leaves):



arctan

24ca 16 ¢ 16CJZT
(-(x+_)2az+za(x+_)j”2 ] 3(-(x+i)2az+2a(x+_)]”2 ) 17[-(x+_)2az+2a(x+_))”2
2ca4(x+~%)3 4ca3(x+~%)2 HMca

2
Ja x
17 arctan

1)? , 1 1) , 1
17 /| -|x+—| a@+2a|x+— | x -lx+— | a+2a|x+ —
a a _ a a

16¢ 160\/a_2

Problem 74: Unable to integrate problem.
Jenarctanh(ax) (_acx +C)7 /2 dx

Optimal (type 5, 65 leaves, 3 steps):

1+2 y
2 2 (-acx+c¢)? 2hypergeom(

n9 n
272 20

n
ac(9-—n)(—ax+l)2
Result (type 8, 19 leaves):

Jenarctanh(ax) (_acx +C)7 /2 dx

Problem 75: Unable to integrate problem.

Jen arctanh(a x) \/Tx—i-c dx

Optimal (type 5, 65 leaves, 3 steps):

1+2

2 2 (—acx+c)3/2hypergeom([— %—

n 5 n ax 1
2’ ’[2 2 } 2 + 2:

n
2
n

ac(3-—n)(—ax+l)2
Result (type 8, 19 leaves):

Jen arctanh(a x) \/m dx



Problem 76:

Unable to integrate problem.

& arctanh(a x)
—F dx

J-acx +c

Optimal (type 5, 65 leaves, 3 steps):

Result (type

Problem 77:

n
1+
1 n 3 n ax 1
2 2 hypergeom —l,———, o=+ = Z T
) ypg(zzszzzzm
n
ac(1—n) (-ax+1)?2
8, 19 leaves):
& arctanh(a x)
— dx
V-acx+tc
Unable to integrate problem.
& arctanh(a x)
5/2dx
(-acx+c)
Optimal (type 5, 62 leaves, 3 steps):
n
1+ =
3 n 1 n ax 1
2 2 hypergeom| | -2, -2 — 2| |- 2| _4X 4
yper ([ 2 2 2} 2 2 2 2

Result (type

Problem 102:

SIS

ac(3+n) (-~ax+1) (-acx-|-—c)3/2

8, 19 leaves):
J’ et arctanh(a x)

(—acx+c)5/2

Result more than twice size of optimal antiderivative.
Vv1+
NITY 4y
V-2 +1

Optimal (type 2, 9 leaves, 2 steps):

Result (type

-2 1 —x

2, 19 leaves):
2(-1+x)y1+x

=T




Problem 103: Result more than twice size of optimal antiderivative.

J 1 +x de
J-2+1JT—x
Optimal (type 3, 24 leaves, 5 steps):

2arctanh[ —‘14_2)6\/7]\/7—2\/ 1 +x

Result (type 3, 51 leaves):

zmm[mmb[@]ﬁ—m]
_ (-1 +x)VTTx

Problem 118: Unable to integrate problem.

J‘(-acx-+c)p dx

e2 p arctanh(a x)
Optimal (type 5, 59 leaves, 3 steps):

(—ax—i—l)p(—acx+c)1+phypergeom( [p,1 +2p], [2+2p], —% +%)

22ac(14+2p)
Result (type 8, 22 leaves):

J‘(—acx-+c)p dx

e2 p arctanh(a x)

Problem 119: Unable to integrate problem.
Jenarctanh(ax) (-acx +C)p dx

Optimal (type 5, 72 leaves, 3 steps):

1+2

2 2 (—acx+c)1+phyperge0m([—%, 1 - % -I—p], [2—

n
ac(2—41+2p)(-wx+1)2
Result (type 8, 19 leaves):

Jenarctanh(ax) (_acx +C)p dx

Problem 121: Unable to integrate problem.



(ax+1) (c——;f;)p “

Optimal (type 6, 56 leaves, 3 steps):

c 1 1
c— — | xAppellFI| 1 —p, — —p,-—,2 —p,ax, -ax
ax 2 2

(1—=p) (-ax+1)?

Result (type 8, 33 leaves):

(ax+1) (c——;f;)p N

Problem 128: Result more than twice size of optimal antiderivative.

(ax—l—l)3 (c—ijz
dx

ax

(a2 +1)° 7

Optimal (type 3, 63 leaves, 9 steps):

~ czarcsin(ax) B czarctanh(\/ 2a*+1 ) B 52(—ax+1)\/ Xd?+1

a a

xa?
Result (type 3, 132 leaves):

& arctanh{ S S ] & arctan[ & ]
2 2x 2

_ . . ) [Zai) [Zeil) | lad
el e s S e e a i Ny

Problem 131: Unable to integrate problem.

(ax+1)4(c—i)p
dx

ax
(—x2a24-1)2
Optimal (type 5, 95 leaves, 7 steps):
c e c 1
e(5=p) (e 5| e (4=p) (o= 2 | hypergeom{ [1p). 114211~ o |
ax c ax ax
- +clc— — x+
a(l—p) [ ax)

ap
Result (type 8, 35 leaves):



Problem 133: Unable to integrate problem.

Optimal (type 6, 56 leaves, 3 steps):

c Y 1 1
c— — | xAppellFI| 1 —p,-— —p, =,2 —p,ax, -ax
ax 2 2

(1=p) (-ax+1)?

Result (type 8, 35 leaves):

(- &Y VasT

ax
ax+1

dx

Problem 134: Result more than twice size of optimal antiderivative.

[FaET

C

(ax+1) (c——;;;)s

Optimal (type 3, 84 leaves, 7 steps):

~ (ax—i—l)2 _ 2arcsin(ax) " 8 (ax+1) n J-2ad+1
3(163(—x2az+1)3/2 ac 3alJ -2 +1 ac®

Result (type 3, 241 leaves):

17 arctan

GG ] ety ) I A ) o I W A o e )

2 3
4a363(x—l) Bac 8C3Va2

a



arctan

Problem 135: Unable to integrate problem.

2 dx
(ax+1)
Optimal (type 5, 114 leaves, 8 steps):
1
e \2tP e \2tp a7 e \2tP 1
(c——) x [c——j hypergeom| [1,2 +p], [3 +p], (c——) hypergeom([1,2+p],[3 +p],1——)
ax _ ax 2a n ax ax
e 2ac* (2+p) ad
Result (type 8, 33 leaves):
p
(c—-ll-) (1@a2—kl)
ax - dr
(ax+1)
Problem 137: Result more than twice size of optimal antiderivative.
(—352012—|—1)3/2 dx

(ax—i—l)3 (c—L)

ax
Optimal (type 3, 61 leaves, 5 steps):

2arcsin(ax)  (-ax+1)2 2/ -¥d+1
ca acy -¥a*+1 cd

Result (type 3, 291 leaves):

Jd x

arctan




12 1172 132 11) 72 132 11) 72
(—(x+—) a2+2a(x+—)j 5(—(x+—) a2+2a(x+—)J 31[—(x+—) a2+2a(x+—))
_ a a _ a a _ a a
3 2 24ca
2ca4(x+l) dedd (x—i—l)
a a
[ 2
31 arctan a X
1) , 1 1)? , 1
31 -lx+— | a+2alx+— | x -lx+— | a+2a|x+—
_ a a _ a a
16¢ 2
16c+ a
Problem 138: Result more than twice size of optimal antiderivative.
(2 +1)* "
s dx
(ax+1)3(c—i)
ax
Optimal (type 3, 111 leaves, 8 steps):
) (ax+1)? N 22 (ax+1) L 2arcsin(ax) __2(23ax+30) _ J-ra+1
5a05(—x2a2+1)5/2 15ac5(—x2az+1)3/2 ac 15ac -X2a? +1 ac
Result (type 3, 467 leaves):
2 5/2 2 5 /2 5 5/
R () R ) C B MR K e e )
a a a a a a
65 1y " 55 1y i 45 1Y?
40a° c (x——) 48 a’ ¢ (x——) 48 a” ¢ [x——)
a a a
12 1) 72 12 1) 72 12 1
139(—(x——) az—Za(x——Jj 187(—[x——j a2—2a(x——)) 561/-()6——) a2—2a(x——)x
_ a a _ a a i a a
2 5 5
96 &3 &5 (x—l) 128 ac 256 ¢
a

561 arctan

5/ 5/2

P ) I b I O G 5 i G ) R B G K] o))

3 2
256V 324 (x+l) 64a’ (x+l)
a a



5 49 arctan
1\2 , Y 1\, 1 12, 1
9 -(x+—| a+2a|x+— 49 [ -(x+— | a+2a|x+— | x “|x+— | a+2a|x+—
. a a . a a . a a
384ac 256 ¢ 2565 Ja2

Problem 140: Result more than twice size of optimal antiderivative.
(ax—i—l)2

(—x2a24—1) c——;ﬁ;

dx

Optimal (type 3, 61 leaves, 8 steps):

5 arctanh

I 5 _ X
ayc T
ax ax
Result (type 3, 196 leaves):

1 clax—1) x(10a7/2\/7 5/ 3 [2\/(ax—1)x\/?+2ax—l] 3
- (ax—1)xX2—8a"?((ax—1)x)37/?+5In Za
2 ar—xecd®”? (ax—1)2 ( ax 2Ja

J___T?___ _ J___TT___ —
20452 (ax—l)xx—lOln[z (ax—Dxa +2ax=1) o410 Mar=Twad 2+ 5| 2 (ex=TxVa +2ax=1],
2JVa 2Ja
Problem 146: Result more than twice size of optimal antiderivative.
c \372
(c——) (-Pd®+1)
ax
3 dx
(ax+1)
Optimal (type 3, 94 leaves, 11 steps):
o £ o< /7
3 5 7 /zarctanh y_ar 8¢ /2arctanh Ny oax \/7 c c—i
—(c—i) 4 \/? B 2\/? n ax
ax a a a

Result (type 3, 222 leaves):



B 1 clax—1) c 5\/?ln[ 2Vaxr —xJa +2ax—1 sz /1 —12\/?ln[ 2y (ax—1)xJa +2ax—1 sz 1
2xa+ (ax—1)x /% “ 2Va ¢ 2Va

1
2y2 [ = J(lax—T)xa—-3ax+1
_10a\/ax2—xx2/%+8a\/(ax—1)xx2/é_g/21n a x2+4(ax2—x)3/2 [ 1

ax+1 a

Problem 147: Result more than twice size of optimal antiderivative.

a4+ 1 dr
c \9 /2
(ax—i—l)z(c——]
ax
Optimal (type 3, 142 leaves, 13 steps):
c— & c— & J2
Sarctanh| X——2% arctanh| Y——4% J2
6 N 11 B x B Je B 2Jc + 21
5/2 32 5/2 9 /2 9 /2
Sacz(c—i) 6ac3(c—i) cz(c—L) ac 8ac dact [e— &
ax ax ax ax
Result (type 3, 627 leaves):
1 clax=1) | 260 [ L 22 ax=T7x 2
13 /2 5 4 [ 1 ax a4
240 a Vax—1)x ¢ (ax—1) —
a
Zﬁ/%\/(ax—l)xa—?,ax—f-l 1 1
+15In 20T A 41020 [ = a2 ((ax—1)x)3 22 +5040 | = a2y Tax—T1)x
ax+1 a a
2\/7/l Jax—1)xa—3ax+1 1 T
—601n a AT 721792 | £ a7 ((ax—1)x)3 Px—17560 | ~ &7 2y (ax =1 x 2
ax+1 a a
2\/7/l Jax—1)xa—3ax+1 T
+ 90 In a 1 czls/z\/7)62+820c115/2((ax—l)x)3/2 —
ax Vv a

Jax—1)x —
— 600 /l In 2/ {ax—T)x Va +2ax~1 *a'® + 5040 1 al /2\/ (ax—1)x x
a 2\/? a



22/ % V(ax—1)xa—3ax+1

ax+1

—601n

2Ja
22/ % Jax—1)xa—3ax+1

ax+1

+15J2 In

all 72 — 3600 /1 ln[ 2/ (ax—1)xJa +2ax—1 szag
a N

a

\/f — \/f —
12400 /1 ln[z (ax—1)xJa +2ax—1 va’ —6001n 2y (ax—1)xJa +2ax—1 40 1
a 2Ja 2Ja

Problem 159: Result more than twice size of optimal antiderivative.

x[e— < (-Pd®+1)

ax . e
(ax+1)
Optimal (type 3, 97 leaves, 11 steps):
oo £ c— < 7
23 arctanh N_oar \/? 4 arctanh Ny oax \/7 \/? 9x | c— c 2 |e— Cc
Je 2¢ N ax V ax
- _l_ + —
44° a? 4a 2

Result (type 3, 214 leaves):

1 c(a;cx—l) x| -4/ é \/axz—xa7/2x+2 ax* —x a5/2 /% +16ma5/2 /%
8\/(ax—l)xa7/2 /%

22/ % Jax—1)xa—3ax+1

ax+1

—16\/71n a3/2+1n[ 2\/ax2—x\/7+2ax—lja2 /1

2Ja a

—241n[ 2y (ax—1)xa +2ax—1 Jaz /1
2Ja a

Problem 160: Result more than twice size of optimal antiderivative.

a'3 27 x + 2400 /5 ln[ 2 (ax=T)x Va +2ax =] ]fa9—1260ma13 2 5



ax
dx
(ax+1)2x
Optimal (type 3, 67 leaves, 8 steps):
32
2a(c—L) P J2
3ax — 4 g arctanh + V2 e +4a /c—L
c NP ax
Result (type 3, 243 leaves):
— — - \/f -
B 1 clax—1) 9a3/21n 2Vaxr —xJa +2ax—1 3 /1 —9a3/21n 2 (ax—1)xJa +2ax—1 3 1
ax 2\/7 a 2\/? a

3x2\/(ax—l)x /é

2\/7/l\/(ax—l)xa—3ax+l
—18a%Jax* —x ¥ /% +6az\/(ax—l)xx3 /% —6a/2 In 4 x3+12a(ax2—x)3/2x / 1

ax+1 a
_5 (axz—x)3/2 /1
a

Problem 161: Result more than twice size of optimal antiderivative.

c—i (-2 +1)

dx
(ax+l)2x3
Optimal (type 3, 94 leaves, 9 steps):
3 5 /2
ZaZ(c—i) 2a2(c—i) c—iﬁ
ax ax ) ax 2 c
- - + 4 a° arctanh| ————— \/7\/_—4a c— —
3¢ 52 2/ N ax
Result (type 3, 269 leaves):
— — _ J___TT___ _
1 clax—1) 4555 in 2Vax* —xJa +2ax—1 4 /1 4555 P1n 2 (ax—1)x+Ja +2ax—1 @ 1
ax 2Ja a 2Ja “

15x3\/ (ax—1)x | %



22/ % Jax—1)xa—3ax+1

—-90a®Jax> —x x* 1 +30a3\/(ax—l)xx4 1 —30a2\/71n
Vv oa Vv a

—16a(ax2—x)3 /2x /é +6(ax2—x)3 % / %

Problem 165: Unable to integrate problem.
Jen arctanh(a x) (C _c )p dx

Optimal (type 6, 60 leaves, 3 steps):

p
(c—-il) LﬁmdﬁY(l—p,ﬁ-—p,—E,Z—jLaL—ax
ax 2

2

ax+1

(1=p) (-ax+1)?
Result (type 8, 23 leaves):

P
C
Jen arctanh(a x) (c _ ) dx

ax

Problem 166: Unable to integrate problem.

(o)
s
ax dx

eZ p arctanh(a x)

Optimal (type 6, 54 leaves, 3 steps):

p
(c - L) xAppellFI1(1 —p, -2p,p,2 —p,ax, -ax)
ax

(1=p) (-ax+1)?

G
e
ax dx

e2 p arctanh(a x)

Result (type 8, 26 leaves):

Problem 167: Unable to integrate problem.
Jen arctanh(a x) (C _ L) dx

ax

¥+ 60 a2 (ax2 —x)3 /2x2 / %



Optimal (type 5, 163 leaves, 6 steps):

n

an

1——
- -l-i-1 2 _ 41 2 41 2h 1_1+£ r M
c(-ax+1) 2 (ax+1) 2 B ¢(rax+1) (ax+1) ypetgeom| | % 20 12) -ax+1
a(2—n) a(2—n)
n P
220(1—n)(—ax+1) 2hypergeom I—E,Z—ﬁ, —ﬁ,—ﬂ-i-l
4 2 2 2 2 2
a(2—n)(4—n)
Result (type 8, 21 leaves):
Jenarctanh(ax)(C_L)dx
ax
Problem 168: Unable to integrate problem.
& arctanh(a x)
dx
c
c— =
ax
Optimal (type 5, 97 leaves, 4 steps):
l-i-E -z 1
1+ 2 2 (l4n) (-ax+1) 2h L e b
w7 (1+n) (-ax+1) 2 hypergeom( [- 7. 1= 2| |2= 2| -5+~

ST

acn(-ax+1)

Result (type 8, 23 leaves):

(S

ac(2—n)n

n arctanh(a x)

dx
c
c— =
ax
Problem 169: Unable to integrate problem.
& arctanh(a x)
2 dx
[~ a)
c— =—
ax
Optimal (type 5, 121 leaves, 5 steps):
n n n n I+ 1
1= 1+ By I+ 2 2 (2+4n)h ereom( -2,-2 z —ﬂ+—)
(34+n) (-ax+1) 2 (ax+1) 2 _x(-ax+1) ax+1) 2 ( ) hyperg 27 27 207 2 2

al (2 +n)

Result (type 8, 23 leaves):

aczn(—ax-%l)



n arctanh(a x)

¢
dx
(=)
c— =
ax
Problem 170: Unable to integrate problem.
enarctamh(ax)(C‘_L)3 /zdx
ax
Optimal (type 6, 42 leaves, 3 steps):
3 /2
_2(c—£) xAppellF](—E,—%+%,—%,%,ax, —ax)
(-a)c-|-1)3/2
Result (type 8, 23 leaves):
o arctanh(a x) c— c 3/2 dx
ax
Problem 180: Result more than twice size of optimal antiderivative.
—2 2
Pat+1 . e
c
(ax—i—l)[c— )
2
Optimal (type 3, 114 leaves, 7 steps):
_ a4x5(—ax+l) a2x3(—6ax+5) arcsin(ax)  x(-8ax+35) 4 16y -2a* +1
503(—x2a2+1)5/2 1503(—)c2az—|-1)3/2 ac 58 -2a® +1 Sac
Result (type 3, 355 leaves):
12 | 32 |2 | 32 1 \2 | 32
[—(x—i——) az—I—Za(x—i-—)) 43(—(x+—) a2+2a(x+—)) [—(x——) az—Za(x——)]
a a a a a a
1\ - 1\? " 1\?
40asc3(x+—) 240 % &3 (x+—) 484* 3 (x——)
a a a
[ 2
19 arctan "

/]




Ja x

51 arctan

1 \2 1) 72 12 1 12 1
15(—(x+—) a2+2a[x+—)] 51/—(x+—] a2+2a(x+—) /—[x-l——) a2+2a(x+—]
4 a - a I a - a I a a
164° 3 (x+lJ 3ac 32c3\/a2
a
Problem 184: Result more than twice size of optimal antiderivative.
2
c— cz) (-xzaz+l)3/2
2a &

(ax+1)3

Optimal (type 3, 109 leaves, 10 steps):

_c2(—x2c12+1)3 /2 4 3c2(—x2c12—|-1)3 /2 _ 3c2arcsin(ax) _ czarctanh(\/ at+1 ) _ cz(-ax+6)\/ -t +1
3a 8 242 a 2a 2xa®

Result (type 3, 298 leaves):
[ 2
50 arctan[ S N —

222 +1)°" 102 (22 +1)7 10 (2l+1) s N e ail 32 (-2 +1)° 2

) 3ay° 3a*x 3 \/a_z * 243
¢ arctanh ;] 12, V)Y /2
+62(_x2a2+1)3/2+62\/m_ (\/m +4cz[-(x+;)a+2a(x+;))
6a 2a 2a 3a

2 ? arctan

SO o ey SR WA G RO Gl

Problem 189: Result more than twice size of optimal antiderivative.
c 22
<)
2d+1

(ax—i-l)2 (c
dx

Optimal (type 3, 396 leaves, 16 steps):



9 /2 9 /2 9 /2 9 /2 9 /2
295a4(c— ¢ J x SOIaS(c— ¢ J X 373a7[c— ¢ ) ¥ 501a6(c— < ) ¥/ 661a5(c— ¢ J ¥0

2 ) 2 2 2 2
1344 (-ax +1)% 128 (~ax+ D)* (ax+1)* 192 (max+1)* (ax+1)> 640 (~ax+1)* (ax+1)%2 1680 (-ax+1)* (ax+1)
127 4 e 7 a +1 71 a2 - 9/29 +1 ¢ 9/2x2 +1 e\ +1
a [c xzaz) x (ax ) N a [c xzaz) (ax ) ) a(c xzaz) (ax ) ) (c xzazj x (ax )
420 (-ax+1)* 336 (-ax+1)° 28 (-ax+1)2 8 (-ax+1)
¢ c \9/2 . g c 22
2a (c— xzaz) x’ arcsin(a x) 245a [c— xzaz) x93rctanh(\/—ax+1 Jax+1 )
+ +
(—ax+1)9/2(a)c+1)9/2 128(—ax+1)9/2(ax+1)9/2
Result (type 3, 964 leaves):
2 9 /2 2 11 /2
) 1 9/2 (c(xzx;zz 1)) . _5040a4[c(x2a2 I)J _%
40320[@] /—% ¢ ¢

xza—l

+77175E In [

j \/?/ ax—1) (ax+1)c tox

2

x8+22050011/2ln 4 ax® /—% +5859Oc“/2ln[x\/?
Ve a

— _ / _ 5/2
L elda =) ]axg /-5 —1176Oa7c3[ ax—1) (2‘”‘“ )5 "9 -5 —31248a7c3x9[MJ -<
a

612 a a a2

2 _ 5/2 _ 3/ 2 32
+ 1543545 &3 [C(XZ“—ZI)) ¥ /—% +14700a504( (ax—1) (2‘”‘“)"’) X /—% +39060a5c4x9("(’62“—21)} %
a a a a a a
2 3 /2 — 7
—25725a4c4[c(x2a—21)j 8 /—i2 —22050a3c5/ (ax—1) (2‘”‘“)“ x"/% — 58590 a> & ¥ /C()‘Z“—zl) /—i2
a a a a a a
> 2 9 /2 _ 9 /2
+ 77175 C(xza—zl) 28 /—i2 —23808a”x9[c(x2a—21)J ¢ /—% +8960a10( (ax—1) (2”“)0] cxd %
a a a a a a
2 9/2 _ 7/ 2 7/2
+8575410 | L4 1) (Fa?—1) et [ -5 41008002 lexzl) laxtl)c O - 4267840 32X c2a?-1) - <
a2 a2 a2 a2 a2 a2




a a a

—11025a8c2[w)7/2x8 iz +23808a“(@}11/2x7 /—% —17535a10(mjn/2x6 -
a

2 11 /2 2 11 /2 2 11 /2
_13056a9[c(x2a—21)] » _% _651()“8[0()(2“—21)J X _% _6912a7((7(x261—21)] 2 _%
a a a a a a
2 11 /2 2 11 /2
—10920a6[c(x2"—21)J xz/—%—uszocﬁ(c(xza—zl)) x [ -5
a a a a
Problem 190: Result more than twice size of optimal antiderivative.
c 3
(ax—i—l)z(c— 2)
Ca
3 dx
2 +1
Optimal (type 3, 186 leaves, 10 steps):
3,2 3,2 3,2 32
C 2 C C 2 C .
alc— 2 5a°| c— x© c— x(ax+1) 2a (c— ] farcsm(ax)
B R e ) e
—ax+1 2(-ax+1) (ax+1) 2(-ax+1) (—ax+1)3/2(ax+1)3/2
3/2
az(c— 02) x3arctanh(\/—ax+1\/ax+1)
B 2a
2(—ax+1)3/2(ax+1)3/2
Result (type 3, 453 leaves):
I c(xza2—1)J3/2 ; [c(xzaz—l)J3/2 c (c(xzaz—l)js/z :
x| R | L c | -= +12d | -~ x [ -—
[ 2 a? a? a? a? a?

x2a2—1) 3 /2 [ ¢

6 C(—J 2/
[ a2 o Cl2
_4a4[ (ax—1) (2ax+1>0)3/2xzc < +a4[—c(x2a22—1) )mxzc [-< —6a362/ (ax—1) (ax+1)e 9/—%

a a a a a a

ax—1) (ax+1)c Lex
a2

J?/ <
et (LB T o [SEETT T (o 2 [ 2
a a a a \/? a




_18C5/21n[x\/—+/(xza——l) F_%Z/W /‘_—3c3m [E/ xza—l ] .

Problem 192: Result more than twice size of optimal antiderivative.

(ax+1)
[(—x2a2+1) (C_ xzcaz )5/2 dx

Optimal (type 3, 181 leaves, 8 steps):

(ax+1)2 2(-ax+1) (ax+1)> | 58 (-ax+1)%> (ax+1)> | 2 (-ax+1)> (ax+1)* (43ax +28)
c 2 e \5 /2 + e \5 /2 RN
5az[c—)62 2) X 3a3(c— 2 2) 2 15a4(c— 2 2) R 15a6(c— 2 2) X
a a a a
B 2(—ax+1)5/Z(ax+l)5/zarcsin(ax)
6 c 5/2)65
a [c_xzaz)
Result (type 3, 465 leaves):
) 1 (1567/2( (ax—l)(ax+1)cj3/2x5a5
15 (ax—1) (ax+1)c 3/2)(5[ (xza —1))5/ 607/2 a
e R R
_45x4c7/2a4[ (ax—1) <2ax+1>c)3/2 1607/2[ )3/2 . _60)967/2a3[ (ax—1) <2ax+1)c)3/2
a a
2 3 /2 . 3 2 32
+16C7/2(c(x2a—21)] x"a3+9007/2( (ax—1) ax—l—l ) 2 d? +24c7/2(w) x2a2+301n[x\/?
a a

xa
az a2 az

L [P =1) ][ (ax—1) (ax+1) ¢ )3/2( (x2a -1) ]3/2xa462+50 7/2( (ax—1) (aerl)c)”2
2

a

_2407/2(0()(24122—1) ]3/2xa—301n[x\/?+ c(xzaz—l) ]Cz[c(xzaz—l) ]3/2a3( (ax—1) (ax—i—l)cf/2

a 2 a 2

a a
—5007/2( (ax—1) (zaXH)c]3/2—6c7/2(—c(x2a22_1) )3/2] (ax+1)j

a a

Problem 193: Result more than twice size of optimal antiderivative.



(ax—}-l)2

dx
c \ /2
(—x2a2+1)(c—x2a2)
Optimal (type 3, 253 leaves, 10 steps):
(ax+1)2 _ 2(-ax+1) (ax+1)? N 124 (~ax+1)* (ax+1)* 782 (-ax+1)% (ax+1)*> 142 (-ax+1)* (ax+1)?
7 /2 7,2 7,2 7 /2 7,2
7a2[c—xzca2) X 5a3[c—xzca2) 2 105a4[c—x26a2) P 105 &° (c_xzcazj K 35a6(c—x26a2)
2 (cax+ D)4 (ax+1)% (107ax +72) +2(—ax—l—1)7/2(ax+1)7/2arcsin(ax)
35 8 ¢ 7/27 8 ¢ 7/27
a (c xzazJ X a (c xzazJ X
Result (type 3, 575 leaves):
_ 5/2
) 1 - ([105011/2((“ 1)(2ax+1) j £y
105((ax—l)(ax+1)cj5/2x7[c(x2a2—l)J a8011/2 a
a? * a?
—553x60”/2a6( (ax—1) (ax+l)cJ5/2+96C“/2[c(xzaz—l) J5/2x6a6—392)650”/205[ (ax—1) (ax+1)c)5 /2
a? a? a?

a? a?

6011/2[M]5/2£a5+1540011/2( (ax—l ax+l )5/2 _240011/2[MJ5/2X4(14

Bad +240c1 2

+350011/2[ (ax—1) (ax+1)c
2
a

5,2
)5/2 [ "2“ —1) ) °ad +2101n[x\/_

4 c(xzaz—l) ] [ (ax—1) (ax—l—l)c)5/2(c(x2a2—1) ]5/2)“1603_1470011 /2( (ax—1)

a® a® a®

(zax+1)cJ5/2x2a2

a

+180011/2[c(x2a22—1) )5/2x2a2—2101n[x\/?+ c(xzazz—l) ]03 [ c(xzazz—l) JS/zaS( (ax—1) (zax—i-l)c)s/2
a a a a
_42011/2[ (ax—1) (ax+1)c)5/2xa_1800u/2[c(xzaz—l) Js/zxa+46zcn /2( (ax—1) WH)CJS/Z
a2 a2 a2
2 5,2
_30611/2[0()‘26’—2—1)J ](ax+1))
a

Problem 199: Result more than twice size of optimal antiderivative.



Optimal (type 3, 329 leaves, 14 steps):
72 72 72 72 72
7a6(c ¢ J x/ 3a5(c ¢ j %0 a(c— ¢ ) 2 19a4[c—L) x 2a3[c— < ) ¥
_l’_

2 ~ 24 2 2 _ 2
16(-ax+1)3(ax+1)3 8(—ax+l)3(ax+l)2 15 (ax+1) 16(-ax+1)3(ax+1) 3(-ax+1)2(ax+1)
2322 ¢ 7/2x3 e N1/ . 5 46 ¢ 7/27 .
“ (c xzaz) ~ (C xzazJ x(-ax+1) N a [C xzaz) x’ arcsin(a x)
120 (max+1) (ax+1) 6 (ax—+1) (—ax+1)7/2(ax—|—1)7/2
c \ /2
25a6[c— ) x7arctanh(\/—ax+1 \/ax+1)
2

16(—ax—|—1)7/2(ax—|-1)7/2
Result (type 3, 794 leaves):

1 c(@-1)) " c(@-1)) " c c(2a2—1) 7 .
_ M]m 2 [ [ 2ad ) ! _2016“9)‘7[7) ¢ |- +2016a9(T} xs/;

c
1680 —
( a? a?

+480a8( (ax—1) (2“’“+1)C)7/2x6c /-i2 —375a3(wj7/2x6c /-i2 —560a7c2( (ax—1) (2‘”‘“)")5/2;9 —%
a a a a a a
p) 9 /2 2 5/2 2 9 /2
—105a8(c(x2“—2_1)] -5 —|—2352a7czx7[c(x2a—2_1)) -5 +224a7[‘:(x2“—2_1)} 2 -5
a a a a a a

+525aGCZ[MJS/2x6 L +700a503[ (ax—1) (ax+1)c)3 /2x7/j—2940a5c3x7[—c(xzaz_l) J3 ~ <
? a? 2

612 a a2 612
(ax—1) (ax+1)c
c(xzaz—l) 9/2 c / \/?/ a2 +cx - /
—630a6(—2] 2 [ == +1050¢ 2In Ve Xa [ - —4410 | xc
c a

a a

7 2 3/2 —
+ —c(x2a2 1) ]x6a —% —8754% [—c(xzaz 1) } ¥0 —% —1050a3c4/ (ax—=1) (zax—l-l)c x7/—%
a N a a a a




2 9 /2 7 2 9 /2
+672d° (C(xza—zl)] x [ -5 +44108° HA /C(XZ“—ZI) [-< —280a4[—"("2“2 ) ) <
a a a a a a
2[ [ < /Maz—c)
/ 2_ 2 2
+2625 ¢* c(xza—zl) La? | —% +2625¢ In a 2a X8
a a xa

Problem 200: Result more than twice size of optimal antiderivative.

5/2
[(c—xzczj (-Pa®+1)
e dx
(ax+1)2
Optimal (type 3, 257 leaves, 12 steps):
c \3/2 c \3/? c \3/? c \3/? c \3 /2
7a4(c—x2a2) X +a(c—x2a2j x _2a3(c—x2a2j * 7a2(c—x2a2j P ) [c—xzaz) x(-ax+1)
8 (—ax+ 1) (ax+1)2 6 (ax+1) (-ax+1)% (ax+1) 24 (-ax+1) (ax+1) 4 (ax+1)
c V32 c V32
24 [ ¢ — x arcsin(a x) 94| ¢ — xsarctanh(\/—ax+1\/ax+1)
2 . 2
(—ax—i—l)s/2(a)c-|-l)5/2 8(-ax+1)5/2(ax+1)5/2
Result (type 3, 624 leaves):
2 5/2 > 5/2 5 7/
1 — [c(xza 2—1)) . _80a7);(c(x2a2—1)] . /_% +80a7(c(x2a2—1)J 2 _%
190 c(Za*—1) 2 [ ¢ Za a a a a
a? o a’

—48a6( (ax—1) (zax+1)C]5/2x4c / ‘% _27a6[_c(x2a22—1) )5 /2x4c / ‘% +60a5c2[ (ax—1) (zax+1)c)3 /2x5 / _%

a a a a a a
+75a6(M)”2xz N HOOC,W[MJ”Z [ _805,5[@)”3 [
a2 a2 a2 a2 a2 a2

) (ax+1)c Yex

(ax—1
2 3 /2 ﬁ/ 2
+452q c(xza——l) ol p— +9OC7/211’1 4 Pl — +15007/21n xyJc
@ @ /T 7




+ c(x2a22—1) Jx4a _% —90a3c3/ (ax—l)(zax—l-l)c x5/_% 1503 35 c(x2a22—1) _%
a N N N
a —1
7/2 [/ [~ 5 ]
+304* ( x2“ ) KRl s x2“_1 2 /-5 13564

2

Problem 201: Result more than twice size of optimal antiderivative.

Pa* +1 e
V2
(ax—i—l)2 (c—ﬁ)s

Optimal (type 3, 174 leaves, 8 steps):

(—ax—l—l)2 " 2(—ax+1)3 . 2(—ax+1)3(ax+1) +2(—ax+1)3(ax+1)2(13ax+28)
c \3/2 c V2 c V32 c /2
az(c—x2 2] X 54° [c—xz 2) P 15a4[c—x2 2) x 15 a° (c—xz 2] x
a a a a
L 2(-ax+1)° /2 (ax +1)5 2 arcsin(ax)
6 c V2
a [C_xzaZ) e
Result (type 3, 465 leaves):
) 1 [1507/2( (ax—1)(ax+1)c]3/2xsa5
15[(ax—l)(ax+1)c)3/2x5[c(x2a2—l))5/2a6c7/2 a*
Clz x2a2
+45x4c7/2a4[(ax—l)(ax+1>c)3/2+167/z[ ]3/2 _60)907/2613((ax—l)(ax+1>c)3/2
Clz a2
2 _ 3 /2 _ 3,/ 2 _ 3 /2
+16c7/2("(x2“—21)] x3a3—90c7/2[(‘”‘ 1) ”H ) x2a2—24c7/2(c(x2a—21)) x2a2—301n[xJ?
a a

xa

4 c(xzaz—l) ][ (ax—1) (ax+1)c )3/2( (xza —1) ]3/2xa462+5007/2( (ax—1)
a

a2 2 a2

(ax+1)c)3/2
2

a

_2467/2(0()(2612—1) ]3/2xa—301n[x\/?+ c(xzaz—l) ]Cz[c(xzaz—l) J3/2a3( (ax—1) (ax+1)cj3/2
2

2 2 a 2

a a a
+50c7/2( (ax—1) (2ax+1)c]3/2+6c7/2(w)3/2] (ax_l)J

a a




Problem 206: Result more than twice size of optimal antiderivative.

)2 [e—=£
(ax+1) c xzazdx

(—x2a2+l)x5

Optimal (type 3, 149 leaves, 10 steps)

x2a _/c /¢ 2 /e - Caz 3a xarctanh(\/ ax+1\/ax+1) /¢ x2

5x* 4y -ax+1 Jax+1
Result (type 3, 446 leaves):

) 1 c(xzazz—l) 2| 404458 c(xzazz—l) . _% _40a4[c(x2a22—1))3/2x4 _%
c(2d—1) - a N, a J a a a

20x* — 5 ¢/
a a

ax—1) (ax+1)c
+
23, \/?/ a* - c 23/ c(Pd*—1) _c
+404%3 2 1n ¥ | -— —40d%c In x\/?+ R N
\/? a2 2 612

+40a3/ R xj/__ WY G Y ey [M)/JQ =
[ /_l% /¢ x2a —1) J (x2 2 3/ (2d?— ) 3/
—15af 16a2(%} 2 /- [ j x

R
2 2

a a

2

a a

_4[c(x2a2—1) J”Z

Problem 213: Result more than twice size of optimal antiderivative.

/¢ xza (x2a+1)dx

(ax-Fl)zx

Optimal (type 3, 100 leaves, 8 steps):



axarcsin(ax) pp— 5 2axarctanh(\/ -ax+1 Jax+1 )
La
- fe- +
V-ax+1 Jax+1 V-ax+1Jax+1
Result (type 3, 306 leaves)

Een F/T*/TT ()

(ax—1) (ax+1)c
_|_
3/ \/?/ a* B 4 3/ c(¥a®—1)
+2c In —c In|xye + | —=————2 |xa | -

xa ‘_2 5

Je a

a

c c(x2a2—l) az—c]
2

o [-5 [EE=0

—24° (ax—1) (ax+1)c ex [ -5 4242 —c(xzaz—l) ex [ -5 422 a’ a b
a? a® a® a? xa®

Problem 214: Result more than twice size of optimal antiderivative.

/¢ x2a (x2a+1)dx

(ax+ 1)2x4

Optimal (type 3, 128 leaves, 9 steps)

\/7 \/7 - 2a Ta Xarctanh(\/ ax+1 \/ax—l—l )/7)(2

8y -ax+1 Jax+1
Result (type 3, 409 leaves):

xzaz—l) /c(xzaz—l) /[ ¢ c(xzaz—l) 3/2 c
1 a2 48613 T C); _? _48a3(T) ,XS _?
%40 [ LX) L - ¢/ - %

x—1) (ax+1)c

3/ \/?/ a* e 4 ¢ 3/ c(x¥a®—1) 4 ¢

+48ac In I b - —48ac In| xy¢ + | ————2 |X -—
c a




32
—482/ Wx_l)wx+1) fc/—i%-+ma [exrae 1) f“ =) RV +2mz[—lé%———) 2 [-<
[ a—l ] y y
3/2 3/2
o2l W d 16a(£iﬁ£;:il] x/-:%_+6(£if£;:ll] <

Problem 217: Unable to integrate problem.

C
& arctanh(a x) c— dx
2d

Optimal (type 5, 226 leaves, 6 steps):

3 n 1 n
272 ax41) 202 c
x(-ax+1) ax c—
] 2d
(l—n)\/—xzaz—i-l
L L
+2x(—ax+1)2 2(ax+1) 2 2hypergeom([l —%+%,[%+% —aaxx-i:i-ll) c—xzca2
(l—n)\/—x2a2+1
1+n 3 n | |
272 (- 2 2 3_nl n][5_n| _ax 1 _ ¢
+2 nx(-ax+1) hypergeom([2 ) > ,[2 ) +2] c 22

(n* —4n +3)m

Result (type 8, 23 leaves):

C
J e arctanh(a x) c— dx

Problem 218: Unable to integrate problem.

Optimal (type 5, 207 leaves, 10 steps):

P 3 P 3 5
[c—ﬁ) xhypergeom( E—p],xzaz) N az[c— xzcaz) )f’hypergeom([l—p,a—p],[g—p],xzaz)
(1 =2p) (-ax+1)? (ax+1)? (3=2p) (-ax+1)? (ax+1)?

1
1_9__ b
P p]




a (C— > Jp"zhypergeom([l —p.1=pl.[2—-pl.Pd?)
X 2

(1=p) (-ax+1)?P (ax+1)?
Result (type 8, 35 leaves):

Problem 219: Unable to integrate problem.

(e~ T

dx
ax+1

Optimal (type 5, 127 leaves, 5 steps):

[ rioveseon(| 3 -3 2} |3
xhypergeom| | > —p, > =p|. | 5 —p

2 2 2

,xzaz) a [c— xzcaz )pxzhypergeom( {1 - % _P], [2 —P],xzaz)

(C‘ EF

(1-2p) (Pa*+1)° 2(1-p) (22 +1)
Result (type 8, 35 leaves):

R e rE

dx
ax+1

Problem 220: Unable to integrate problem.

dx

J(l +x)3 Pysin(x)
J-2+1

Optimal (type 4, 134 leaves, 16 steps):

3COS(1)FresneIC[@JﬁH 5005(1)Fresnels[—\/7‘ L=x J\/T\/F
T N \/;

2 4
SFresnelc[@]Sin(l)ﬁ\/; 3FresnelS[—\/?“ L—x ]sin(l)ﬁ\/;

_ \/;4 _ 7'52 +3COS(X)m— 3s1n(x)2 1 —x

Result (type 8, 20 leaves):

-(1 —x)3 /Zcos(x) -




dx

J (1 +)c)3 /2xsin(x)
J-2+1

Problem 221: Unable to integrate problem.

J\/ 1 4+ x sin(x) &
V-2 +1

Optimal (type 4, 50 leaves, 6 steps):

cos(1) FresnelS[ \/T— V1 —x ] \/7\/; - FresnelC[ \/7— V1> J sin( 1) \/?\/;

Result (type 8, 19 leaves):

T T

J\/ 1 +x sin(x) dr
V-2 +1

Problem 222: Result more than twice size of optimal antiderivative.

Optimal (type 3, 140 leaves,

(2a + 1) b?arctanh

dx

J bx+a+1

J1—(bx+a)?

5 steps):

Jl—aJbx+a—+1

JIi4+a-bx—a+1

_ (bx+a+1)3 A hx—aFl

(2a+1)by-bx—a+1 Jybx+a+1

(1—a)>(14a)y-d®+1

Result (type 3, 452 leaves):

by 0P —2abx—d® +1

3ab®In

2(—az+1)x2 2(1—a)2(1+a)x

2a*+2—2abx+2y-a*+1J-b*2 —2abx—d* +1

X

B \/—b2x2—2abx—a2+l

(—a2+l)x -

_ 3ab\/-b2x2—2abx—a2+l

2(—a2+1)3/2 2(-a®+1) 2

3a2b21n[ -2az+2—2abx+2\/—a2+1 \/‘bzxz—Zabx—a2+1 ]

X
2 (-a®+1)%x 2 (- +1)° 7
2 1In -2a2+2—2abx+2\/—a2+1 \/—b2x2—2abx—a2+1
X . a\/—b2x2—2abx—a2+1 _ 3a2b\/—b2x2—2abx—a2+1
2 (- +1)° 7 2(-a*+1)2 2(-a®+1)*x



3a°h%In

-2a2+2—2abx+2\/—a2+1 \/—b2x2—2abx—a2+1 ]
X
2(—a2+1)5 /2

Problem 223: Result more than twice size of optimal antiderivative.
(bx+a+l)2x4
2 dx
1 —(bx+a)

Optimal (type 3, 77 leaves, 3 steps):
2(1-a)x  (1-a)}? 2(1-a)X X ¥ 20 -a)*ln(-bx—a+1)

p* » 3 b2 2b 5 »

Result (type 3, 160 leaves):
x $ 2ax _ 2% B a2 n 224 i 2a’x B ﬁ B 6 xa?

6ax 2x 21n(bx+a—1)a4 " 81r1(bx—i—a—l)a3

526 32 32 B3 JE o bt bt bt b3 b
_ 12ln(bx+a—1)a2+81n(bx+a—1)a_21n(bx+a—1)
» » »

Problem 227: Result more than twice size of optimal antiderivative.
J (bx+a+1)3x

3 /2

(1 —(bx+a)?) /

Optimal (type 3, 103 leaves, 7 steps):

3(3 —2a)arcsin(bx +a) n (1—a) (bx—l—a—i—l)s/2 n (3—2a) (bx+a+1)3/2\/—bx—a+1 +3(3—2a)\/—bx—a+1\/bx+a+1

2b° Py hr—at1l 20 20

Result (type 3, 380 leaves):

o)

b
3 g arctan
B 10ax n \/—b2x2—2abx—a2+1 B 74d? n a’x

by -b*2 —2abx—d* +1 b b? B2 -b2x2 —2abx—a*+1  2by-b 2 —2abx—d* +1

N 7 B 3:° 3 by 3 ax*

sz—ﬁxz—Zabx—a2+1 J—ﬁxz—Zabx—a2+1 2J—§x2—2abx—a2+l ZJ—#xz—Zabx—a2+1

J b? (x-+—££)
b

9 arctan

i a _ a n 9x . J—#xz—Zabx—a2+l

202 -2 —2abx—a*+1 202 -b 2 —2abx—d*+1  2by-b*PF —2abx—a*+1 2b b



Problem 228: Result more than twice size of optimal antiderivative.
J (bx+a+1)>3

dx
(1 - (bx+a)?)’ 22

Optimal (type 3, 116 leaves, 5 steps):
J1—aJbx+a+1 J
J1+a+-bx—a+1

6(1+a) barctanh[

(bx+a+1)372 L 6bbxFaF]

(1—a)?y-a*+1 (1—=a)xy-bx—a+1 (1—a)>y-bx—a+1
Result (type 3, 1519 leaves):
3 b x " 9a*px n 94> b x
(-2 +1)° V022 —2abx—a>+1 (- +1)V0P2 —2abx—a+1 (- +1)*J-0°2 —2abx—a® +1
2.3 2.2 2
4 S5b°xa 4 12b°xa 4 9b°xa
ﬂﬂ2+1)J—ﬁx2—2abx—a2+1 ﬂﬂ2+1)J—ﬁx2—2abx—a2+1 ﬂﬂ2+1)J—ﬁx2—2abx—a2+1
4 6ab2(-2b2x—-2ab) i 3a*b*x n 124*b
(-4b2(-a2+1)—4a2b2)\/-b2x2—2abx—a2+l (-a2+1)2\/—b2x2—2abx—a2+1 (—a2+1)2\/—b2x2—2abx—a2+1
4 94%b i 3a%b n 94 b
(-a2+1)2\/-b2x2—2abx—a2+1 (-a2+1)2\/-b2x2—2abx—a2+1 (—a2+1)2\/—b2x2—2abx—a2+1
-~ 2 _ _2 _12 _ _ 2 -~ 2 _ _2 _12 _ _ 2
3a4bh{ 2a°+2 2abx—%2J a +J,J B’ —2abx—a* +1 9a3bh{ 2a°+2 2abx—%2J a +J,J B’ —2abx—a* +1
X X
(< +1)° " (-a*+1)° "
02 bln 2a*+2—2abx+2y-a*+1 J-b*2 —2abx—d* +1
X 54%b
- 2 5/2 " 2 ) )
(-a*+1) (-a +1)\/—b ¥ —2abx—a*+1
3 2 2(_ 712, _
n 12a°b n 12a%b n 6b>(-2b%°x—2ab)
ﬂﬂ2+l)J—#x2—2abx—a2+l ﬂﬂ2+l)J—#x2—2abx—a2+l ﬂ4bzﬂﬂ2+l)—4a2ﬁ)J—#x2—2abx—a2+l
_n 2 _ _2 12,2 _ _ 2 7,2 _ _ 2 122 _ _ 2
3abln 2a° +2 2abx+2J a-FlJ B’x> —2abx—d® +1 ] 6abm[ 2a°+2 2abx+2J a-%lJ B’x> —2abx—ad> +1
X X
(- +1)° " (-2 +1)* 7
2a*+2—2abx+2y-a*+1J-b*2—2abx—d*+1 | ,
5 3bln a
_ b ax . X n 3ab
3 /2
\/—b2x2—2abx—a2+l (—a2+1) / (—a2+1)2\/—b2x2—2abx—a2+1
3 2
i 12a° b I 2b"x I 8ab

(—a2+1)2\/—b2x2—2abx—a2+1 (—a2+1)\/—b2x2—2abx—a2+l (—a2+1)\/—b2x2—2abx—a2+l



_ a 3 4’ 3a
(—a2+1)x\/—b2x2—2abx—a2+l (—a2+1)x\/—b2x2—2abx—a2+l (—a2+1)x\/—b2x2—2abx—a2+l
B 1 B ba* N 3b
(-*+1)xy -2 —2abx—a*+1 - —2abx—d*+1 (-a*+1) -2 —2abx—d* +1
3bln —2a2+2—2abx+2\/—a2+1\/—bzxz—Zabx—a2+l )
))63/2 +

b
\/—b2x2—2abx—a2+1

(-a*+1

Problem 229: Result more than twice size of optimal antiderivative.

Jf\/l —(bx+a)

bx+a+1
Optimal (type 3, 136 leaves, 7 steps):

_ (8a3+12a2+12a+3)arcsin(bx+a) _xz(—bx—a+l)3/2\/bx+a+l _ (—bx—a+1)3/2(7+10a+18a2—2(1+6a)bx)\/bx+a+l

8 p* 4 b? 24 p*
_ (8 +12a> +12a+3)y-bx—a+1 Jbx+a+1
8 b*
Result (type 3, 808 leaves):
Vb (x—f-%)
3 a? arctan
3a2\/-b2x2—2abx—a2+lx+ \/-b2x2—2abx—a2+l +3\/-b2x2—2abx—a2+lxa
3 3
2b 2b3 ¢b2 2b
2 2 2
B (a1 g (x4 14 B+ Gap (xr 1EA) @ 5 2 (e 1R g [xr LEE) 2
B b b B b b B b b
b* b* b*
1 +a 1
2 (x-i————)
arctan b b
1+a)\? 1+a 1+a)\? 1+a
3/ -p2[x+——| +2b[x+ —bz( +—) +2b( + )
_ / (x b ) (x b )a_ / * b * b +3\/—b2x2—2abx—a2+la2
4 4
b b3 /bz 2b
Cx (-8R —2abx—d+1)* +3a(—b2x2—2abx—a2+1)3/2 L33 —dabx—a+1 | 52 —2abx—d’ F1x
4p° 4p* 2 853



sy

5 arctan b 3 p
+5\/—b2x2—2abx—a2+1a+ V-2 —2abx—a* +1 N (-2x% —2abx—d*>+1)
85¢ 8% /b2 35
\/b2 (x+ l-ll)-a —%)
N| b? (x+%) arctan a
3 g arctan b 1+a)? l+a
N S 2 —2abx—d+1 ) _ /'b (H b ] +2b(x+ b )
253 b? b b2
\/b2 (x+lbﬂ—%) \/b2 (x+l%—%)
3 arctan a* 3 arctan a
2 2
(x4 19 o (o 1+“) B [ x+ 1”) 42 [x41Ta
B b b B b b
b3 /b2 b3 /b2

Problem 230: Result more than twice size of optimal antiderivative.

J = (bxta)

(bx+a+1)x
Optimal (type 3, 80 leaves, 4 steps):

2barctanh[ J1—aybytat] ]
JV1+a-bx—a+1 _Jbx—a+1 Jybx+a+]l
(1+a)-a®+1 (1+a)x
Result (type 3, 564 leaves):
Jp? +£)
(" b

a? b?* arctan

(P2 —2abx—d+1) 7 206/ B2 —2abr-@ 11 N J-0*2 —2abx—a® +1
(1+a)(-a®>+1)x (1+a)(-a®>+1) (14a) (-a>+1) [12
J b? (x+%)
abin —2a2+2—2abx+2\/—a2+1 \/—bzxz—zabx—az—i-l J b? arctan
N x PP —2abx—d +1x J b —2abx—d* +1

(14a)J-a+1 (1+a) (-a*+1) (1+a) (-2 +1)Jp?



sz'(x+_l-+a __l)

b? arctan b b
1+a\? l+a 1+a)? 1 +a
b | -0 |x+——1] +2b|x+ b x4+ —— | +2b|x+
" / (x b ) (x b ) 4 / (x b j (x b ) b - —2abx—d’ +1
(1+a)? (1+a)2J5% (1+a)?
\/b2 (x+£)
b? a arctan = b - b/ @2+ In —2&—%2—2abx+2J—f—FlJ—ﬁxz—Zabx—a2+1
N J-0*x2 —2abx—a*+1 N 2 x
(1+a)2/p? (1+a)

Problem 231: Result more than twice size of optimal antiderivative.

(1= (bxr+a)?)*”
(bx+wz+1)3f

Optimal (type 3, 174 leaves, 6 steps):
J1—abx+a+1

3 (3 —2a) b*arctanh

] +a[bx=a+1 ) (3—2a)b(-bx—a+1)>372 (-bx—a+1)572
(1+a)3-+1 2(1—a) (14+a)’xybx+a+1 2(-a*>+1)2Vbx+a+1

3(3—2a)b*J-bx—a+1
(1—a) (1+a)*Vbx+a+1

Result (type ?, 2847 leaves): Display of huge result suppressed!

+

Problem 232: Result more than twice size of optimal antiderivative.

J (1= (bx+a)2)’ "2 “

(bx+a+1)3+
Optimal (type 3, 223 leaves, 8 steps):

J1—aJbx+a+1

Jl+aJ—bx—a+lJ _(2f—ﬁla+5ﬂb%/%x—a+l _ (I=a)y-bx—a+1

(64*> — 18a + 11) b arctanh

(1—a) (1+a)*J-a®>+1 6(1—a)(l+a)*Vbx+a+1 3(1+a)Jbx+a+1
L TbVbx—a+1 (19—16a) bV hbx—a+1

6(l+a)2x2\/bx+a+l 6(1—a)(1+a)3x\/bx+a+l

Result (type ?, 4211 leaves): Display of huge result suppressed!

Problem 233: Unable to integrate problem.
Jen arctanh(b x +a) x3 dx



Optimal (type 5, 180 leaves, 4 steps):

-2 1+2 -2 1+2
P (-bx—a+1) 2% (bx+a+1) %2 (-bx—a+1) 2 (bx+a+1) 2 (6+184>—10an+n*—2b(6a—n)x)
4 b? 24 p*
n n
'2+§ 3 ) 2 2 1_5 n n n bx a 1
2 (24a® —36a*>n+12a (n* +2) —n (n* +8)) (-bx—a +1) hypergeom([——,l——], 2 — — ,————+—)
4 2 2 2 2 2 2
36 (2—n)
Result (type 8, 15 leaves):
Jen arctanh(bx—O—a)x’: dx
Problem 234: Unable to integrate problem.
Jen arctanh(bx-i—a)x dx
Optimal (type 5, 96 leaves, 3 steps):
n l_n b 1
- 145 22 Qa—n) (-bx—a+1) Zh ([—ﬁl—ﬂ [2—ﬁ]——x—£+—)
_(bx—a+1) ?(bx+a+l) 2 | (2a=n) (-bx—a+1) ypergeomi | T T o ) 272 2772
20? b* (2 —n)
Result (type 8, 13 leaves):
Jen arctanh(bx-i—a)x dx
Problem 235: Unable to integrate problem.
Jen arctanh(b x +a) dx
Optimal (type 5, 59 leaves, 2 steps):
1+2 -2
2 2 (-bx—a+1) 2hypergeom([—%,1—%],2—%,—%——4—%)

b(2—n)
Result (type 8, 11 leaves):
Jen arctanh(b x +a) dx

Problem 236: Unable to integrate problem.

& arctanh(b x +a)
—_— dx

2

Optimal (type 5, 86 leaves, 2 steps):



-2 1+2
14+a) (-bx—a+1)
4b (-bx—a+1) 2 (bx+a+1 2 h P30 LA I PO
] (-bx—a ) (bx+a ) ypergeom([ ) 2 (1—a) (bx+a+1)
(1—a)*(2=n)
Result (type 8, 15 leaves):
& arctanh(b x +a)
—— dx
x2
Problem 239: Result more than twice size of optimal antiderivative.
J (ax+l)x6 3 dr
N, at+1 (-azcx2+c)
Optimal (type 3, 117 leaves, 6 steps):
xs(ax+1) _ x3(6ax+5) __ arcsin(ax) n x(8ax+5) n 16y -2 a* +1
Sazc3(—x2a2+1)5/2 15a4c3(—x2a2+1)3/2 ad 5003 -2 a® +1 5a’¢

Result (type 3, 261 leaves):

arctan| —— ,azx 1\? 1 1\? 1
5 5 lx==1] & -2alx—-— 23 lx==1] a-2alx—-—

_ \/-xza +1 +\/-x2a +1 a a _ a a

73 3 2
C'Saé\/az ac 2003a10(x—l) 605’3a9(x—l)
a

1) , 1 1) , 1 1) ,
493 [ -|x—— | a—2a|x— — -lx+— | a+2a|x+ — 25 [ -|x+— | a+2a|x+ —
a a a a a a
- - +
3 8 1 1)? 3 8 1
240 a® | x — — 24c3a9(x+—) 48ca® [ x+ —
a a a

Problem 254: Unable to integrate problem.

J (ax+1)X" dx
J-Padd+1 (-azcxz—l-c)
Optimal (type 5, 72 leaves, 4 steps):
x! T hypergeom é,l + 2 3 + 224 a x> " hypergeom 1,1+ﬂ 2+ 228
272 2 2 2 " 2 2 2
c(l+m) c(2+m)
Result (type 8, 36 leaves):
J (ax+1)x" dr
at+1 (-azcx2+c)



Problem 255: Result more than twice size of optimal antiderivative.
J(ax+l) (%a®+1)¥"dx
Optimal (type 3, 54 leaves, 3 steps):
x1+m ax2+m 3 a2x3+m B a3x4+m

14+m 24+ m 3+m 44+ m

Result (type 3, 141 leaves):

_M+ G+ fu+ 1+ )ﬁHmw%ff+6fm%§+ﬂfmf+w%ff+6ff+7fm%g+Mfmf—am%+8ff—8aﬁx
m m m m

—19amx—m® —12ax—9m*> —26m —24))

Problem 257: Result more than twice size of optimal antiderivative.
+1) X"
ax+ D"
2 +1
Optimal (type 5, 24 leaves, 2 steps):

x! T"hypergeom([1, 1 +m], [2 +m], ax)
1 +m

Result (type 5, 99 leaves):

[SYRS

n
2

[SYRS

_ 2 _2){”(—512) (-m—2) _ ) ) 5 m
(-a*) (2 +m)m X" (-a*) LerchPhl(xza,l, 2)

- +
2a 14+m

Xt ( % + % ) LerchPhi(xzaz, 1, % + %)

Problem 258: Result more than twice size of optimal antiderivative.
[

(ax4—1)f2 dr
J (—x2a24—1)
Optimal (type 5, 66 leaves, 6 steps):
x1+’"hypergeom( [2,% + %}, [% + % ,xzaz) ax2+mhypergeom( [2,1+ %], [2—!— % ,xzaz)
+

1 +m 2 +m

Result (type 5, 176 leaves):
m

m m
m 7 2 (-a?) LhPh'(xzzlﬂj
23 | () 2 (-m—2) (-a*) © mLerchPhi| x*a*, 1, >
(-a*) > +
2+m) (P +1) 2

2a



1+m )
m —_ 4"

n 2 2 m 1
+3 220 (~g?) [

Tt ) LerchPhi(xzaz, 1, % + %j

) i (
(=) (1+m) (-22d% +2) 1+m

Problem 259: Result more than twice size of optimal antiderivative.
[
(ax4—1)ﬁ2 dr
J (—x2a24—1)
Optimal (type 5, 66 leaves, 6 steps):
x! +’"hypergeom( [3, % + 2 }, [% + % ,xzaz) ax2+mhypergeom( [3, 1+ % ], [2 + %

2
+
14+m 24+ m

,ﬁf)

Result (type 5, 223 leaves):

1 m
1 m —+ =
l (—az)_E_E xl+m(_a2)2 2 (a2m2x2—2a2mx2—3x2a2—m2+4m+5)
4 2(1+m) (-2 +1)*
Lym
axttm(-a2)? 2 (Lm3—im2—Lm+i)LerchPhi(x2a2,1,l+ﬂj
n 16 16 16 16 2 7
1+m
m n N 2 % x2 ) m
-5 2 - —2) mLerchPhi 1,2
) | ) (@ omry) ) (T2 e (a1 )
_ 2(—x2a2—|—1)2 4
4a

Problem 260: Unable to integrate problem.

J (ax+1)x"

dx
V-2t +1 (-azcxz+c)3 %
LEH%%}[%4~%,faﬂd—fal+l af+mwm@mm( ,ff)f:ZFIT
+

c(l+m)\/-azcx2+c c(2+m)\/—azcx2+c

Result (type 8, 36 leaves):

Optimal (type 5, 122 leaves, 7 steps):

1 m
2,14+ — |,
2 ]

m
2+ 2
2

x1+””hyperge0n1(




J (ax+1)x"

dx
\/m(-azcx2 +c)3 /2

Problem 261: Unable to integrate problem.

‘(ax—i—l)xm(—azcxz—l-c)pdx
J-Zat+1
Optimal (type 5, 128 leaves, 5 steps):
x! T (-a? cx® + ¢)” hypergeom l—p,l+ﬂ, é—i-ﬂ , x> a? ax> T (-a* cx* + ¢)” hypergeom 1+ﬂ,l—p, 24+ 2 ,xzaz)
2 2 2 2 2 I 272 2
(14+m) (-2d®+1) (2+m) (-Pd®+1)
Result (type 8, 36 leaves):
‘(ax+1)x’"(—azcx2+c)p &
N -at+1
Problem 263: Unable to integrate problem.
dx

J(ax+1))€’(—a2cx2+c)p
N R+
Optimal (type 5, 124 leaves, 7 steps):

ax’ (—azcx2 +c)phypergeom ERY -l 7
272 2
1

PE) pec vy [T

(—x2a2+1)3/2(—a20x2+c)p I i
)P a (1+2p)

a* (3+2p) 5(-2d+
Result (type 8, 36 leaves):

J(ax+1)f(—azcx2+c)p e
N Xd+1
Problem 264: Unable to integrate problem.
dx

J (ax—i—l)x(—azcx2 +c)p
N; |
Optimal (type 5, 88 leaves, 5 steps):
ax’ (—azc)c2 +c)phypergeom([é % —p], [%

2
2 ,xza) _ (-d?cP+c)-Pa*+1
1

3(-2a?+1)° a* (1 +2p)




Result (type 8, 34 leaves):

Problem 265:

dx

J (ax+1)x(-azcx2 +c)p

Unable to integrate problem.

dx

‘(ax—}-l) (—azcx2 —I—c)p

Optimal (type 5, 74 leaves, 3 steps):

3 1
PR 272 r ! ! 3 !
2 (-ax+1) (-a*cx® +¢) hypergeom([; +p,—§ —p],[i +p],-—+5j

a(l+2p) (—x2a2+1)p

Result (type 8, 33 leaves):

Problem 282:

dx

‘(ax—i—l) (—azcx2 —I—c)p
Ny s

Result more than twice size of optimal antiderivative.

J (ax+1)2\/ -a*ex +c &

(R +1)x

Optimal (type 3, 64 leaves, 6 steps):

~a*exX’ +ec
32 tnhE \/—
_ a“ arcta [ /e J c_\/m_Za\/m

2 22 X

Result (type 3, 238 leaves):

(—azcx2 +c)3 /2 3\/?111

2cx?

[ 2
a c x
2 a3 carctan[ —_—

2c+2Jc-d*e +c
\/—x @ 3V -d?ex +c¢ d? 2a(—a2(:x2+c)3/2
LY _ —2d3x(-d*ex +c

2 2 cx

2 &3 carctan

/—] /—c(x—l)2a2—2(x—l)ac
~a’cx +c —Zaz/—c(x—l)2a2—2(x—l)ac+ - g
Jdc ¢ ¢



Problem 283: Result more than twice size of optimal antiderivative.

(ax+ 1)2x2 (-azcx2 +c)3 /2
a?+1

dx

Optimal (type 3, 112 leaves, 7 steps):

3c3/zarctan{M]
2x2(—a26x2+c)3/2 _x%(—azcxz—l-c)S/2 . (45ax—i—32)(—azcxz—l-c)3/2 n J-a*cx +c +3cx\/ ~d?ex +e

Sa 6 120 &* 16 a° 16 a*
Result (type 3, 243 leaves):

[ 2
y 5 13c23rctan[ —yacr
x(—azcx2 +c)5 2 _ 13x(—azcx2 +c)3 _ 13cxy -a?ex’ +c

m} n 2 (—azcx2 +c)5 /2

6a*c 24 a* 16 a* 162Jd2c 5a°¢
2
& arctan act
2 | 3 /2 12 p) ]
2(—c(x——) a2—2(x——)ac) c/—c(x——) a2—2(x——)acx /—c(x——) a2—2(x——)ac
a a a a a a
— 3 + 3 +
3a a 2Jle

Problem 284: Result more than twice size of optimal antiderivative.

(ax+ 1)2)6(—(126‘)(2 +c)3 /2
2d+1

dx
Optimal (type 3, 91 leaves, 6 steps):

3/ 3 p A /Zarctan[mj
xz(—azcxz—l-c) . (15ax+14)(—azcx2+c) i J-a*ex +c +cx\/ -a?ex’ +c
5 30 a® 44° 4a
Result (type 3, 221 leaves):

[ 2
3czarctan[ U —
N —azcx2 +c

(—azcx2 +c)5 /2 _ x(—azcx2 +c)3 /2 _ 3cexy -a?ex? +c _

2 N 2
S5a‘c 2a 4a 4a /azc 3a
atc x
& arctan
2 2
c/—c(x——) a2—2(x——)acx /—c(x——) a2—2(x——)ac
i a i a a
a 2



Problem 285: Result more than twice size of optimal antiderivative.

J (ax+l)2(-azcx2 +c)3 /2

dx
a?+1

Optimal (type 3, 87 leaves, 6 steps):

5c3/zarctan{M]
5(—c120x2 —I—c)3 /2 _ (ax+1) (—azcx2 —I—c)3 /2 n J-a*cx +c n 5cxy -a*ex + ¢

12a 4a 8a 8
Result (type 3, 185 leaves):

3c2arctan[— ‘azcx 2 ) 3/

2| - - — -2 - —
_x(—azcxz—l-c)3 /2 _ 3cxy ~d?cx’ 4 _ J-atex +e ( c(x a) “ (x a )ac]

4 8 /e 3a
a’cx
 arctan
[el=g) (-]
5 <c|lx—— | a—-2|x——|ac
1 2 a a
+c/—c[x——) a —2[x——)acx+
a a azc

Problem 286: Result more than twice size of optimal antiderivative.

(ax+1)2(—a2cx2 —I—c)3 /2
(-x2a2+1)x4

dx

Optimal (type 3, 97 leaves, 9 steps):

B (—azcx2 +c)3 /2 A5 /Zarctan axc LA /Zarctanh[ J-d?ext +c ]_ ac(ax+1)+ -d*ex +c
30 Ny g ?

Result (type 3, 338 leaves):

[ 2
2a4c2arctan[ $J
\/m a(—azcx2 +c)5 %

(Ce2+e)}” 4l (@el+e)? adtx(del )P e
3ex 3ex 3 ? o

3

) 3[ 1V 5 ) 1 )3/2
3/ al|l-clx——| a— x—— |ac
_a3(—a2cx2+c) / +a3c3/21n 2c+2\/?\/—azcx2+c —de /——azcxz—l-c— ( a) ( a)

X



acx
a4 6'2 arctan

Problem 287: Result more than twice size of optimal antiderivative.

(ax+1)2x2 (—azcx2 +c)5 % dr
Zat+1

Optimal (type 3, 134 leaves, 8 steps):

5/2 ax\c
, s p , s p , s Il1¢ arctan[ J
1lex (-a cx2+c) _2x2(—a cx2+c) _x3(-a cx2+c)

_ (385ax+192) (—a20x2+c)5 /2 4 J-d?ex +¢
192 a® Ta 8 1680 a° 12843
i llczx\/ -a*ext + ¢
128 a®

Result (type 3, 305 leaves):

[ 2
850 arctan[ —yacx

x(—azcx2 —I—c)7 /2 _ 17x(—azcx2 —I—c)5 /2 _ 85cx(—azcx2—|-c)3 /2 _ 852 xy -a*ex’ +¢ _ J-atex +e I 2(—azcx2 +c)7 /2
8a’c 48 a* 192 a® 128 a®

3
128a2\/azc Ta’c

B D ) 0 N oy ] o 0 N I Y ]

+
54°

.)
X— — |(acXx
a

4 4%
atc x
3 & arctan

Ve e

4a2\/a20

Problem 288: Result more than twice size of optimal antiderivative.

(ax+ l)zx(—azcx2 +c)5 /2 dr
Xa®+1

Optimal (type 3, 113 leaves, 7 steps):



o /2 arctan[ M J
cx(-azcx2 +c)3 /2 _ xz(—azcx2 +c)5 /2 _ (35ax+27) (—a20x2 +c)5 /2 4 J-d?exr +¢ n AExy -a* e +¢

12a 7 105 a? 8a? 8a

Result (type 3, 283 leaves):
[ 2
50 arctan[ —yacx J

(—azcx2+c)7/2 _ x(—azcxz-l—c)5 /2 _ 50x(—a2cx2-l—c)3 /2 _ 56’2)(\/ -2 +c _ J-atex +e

7d%e¢ 3a 12a 8a 8am
12 1 5/2 132 | 3/2 132 1
2(-c(x——J az—Z(x——Jac) c(—c(x——) a2—2(x——)acJ X 302/—0()6——) az—Z(x——)acx
_ a a 4 a a i a a
5a2 261 4a

Problem 289: Result more than twice size of optimal antiderivative.
5/2
(ax+1)2(—a2cx2 +c) /

Xa?+1

dx

Optimal (type 3, 106 leaves, 7 steps):

7 /Zarctan[MJ
7cx(-azcx2 +c)3 /2 . 7(-azcx2 +c)5 /2 _ (ax+1) (-azcx2 +c)5 /2 i J-d?exr +¢ n TExy -a* e +¢

24 30a 6a 16a 16
Result (type 3, 241 leaves):

Sgarctan[—_\jzaj_;ic ] ) 2[—c(x—%)zaz—Z(x—%)acJS/z

5a

_x(—azcx2 +c)5 /2 _ SCX(—LZ2CX2 +c)3 /2 _ 502x\/ -d*ex +c _
6 24 16

16 d*c

3 & arctan

c(—c(x—é)zaz—Z(x—éJacf/zx . 33/—0(x—%)2a2—2(x—%)acx N /—c(x—i)zaz—Z(x—é)ac

2 4 4d*c



Problem 290: Result more than twice size of optimal antiderivative.

(ax+l)2(-azcx2 +c)5 /2 &
(2 +1)0

Optimal (type 3,

125 leaves, 10 steps):
[_ 2
3 1 5 /) P /2 arctanh[ m}
ac(ax+12) (-a*cx* +¢) (-a?cx® +c) 25/ axyc Je
- 6 2 —3a‘c arctan + >
x 2 N
_ a2c2(6ax+l)\/ -d?ex +e
2
Result (type 3, 398 leaves):
[ —a? o
5 5/21 20+2\/? a“cx” +c
_ (-azc)c2 +c)7 /2 _ az(—azcx2 +c)5 /2 _ azc(-azcx2 +c)3 /2 + ac n( X _ azcle -d*ex +c
2 e 10 6 2 2
Jac x
5 3 5 154 & arctan| —————
2a(—a20x2+c)7 3 ) 5,2 5a3cx(-azcx2+c) 1583 Axy -a* e +c¢ J-d?ex ¢
- —2ax (-d*cx® +¢) - - —
cx 2 4 5
4.\ a"c
2 5/2 2 3 /2 )
2a2(—c(x—l) a2—2(x—l)acj a3c[—c(x—l) a2—2(x—l)ac) X 3a3c2/—c(x—l) a2—2(x—l)acx
_ a a I a a n a a
5 2 4
33 a’cx
3 a’ ¢’ arctan
1 2
/—c[x——) az—Z[x——)ac
i a a
4\/azc
Problem 291: Result more than twice size of optimal antiderivative.
(a)c+1)2(—azcxz+c)7/2
> dx
-Pad®+1
Optimal (type 3, 125 leaves,

8 steps):

1502)c(—azcx2+c)3 /2 4 3cx(—a2(:x2+c)5 /2 _ 9(—a2(:x2+c)7 /2 _ (ax+1) (—a20x2+c
64 16 56a

7 5 45¢’ /2 arctan —ax\/?
)

+
8a

N ~a*ext + ¢
128 a




45 c3x\/ -a*ext + ¢

128
Result (type 3, 295 leaves):

+

[ 2
35 arctan{ A — ]

_x(—azcx2 —I—c)7 /2 _ 7cx(—azcx2 —I—c)5 /2 _ 3502x(—a26x2 —i—c)3 /2 _ 353 xy -a*ex’ +c _ N

8 48 192 128

128 /d ¢
132 | 7/ 12 | 5/ 132
2(—c(x——) a2—2(x——)ac) c[—c(x——) az—Z(x——)ac] X 562(—0()(——] az—Z(x—
B a a n a a n a
7a 3 12
4 atc x
5 ¢"arctan
2 1 2 1
50 —c(x——) a2—2(x——)acx —c[x——) az—Z[x——)ac
n a - a n a a
8Ja*c

Problem 295: Result more than twice size of optimal antiderivative.

J (ax+1)2x2 dr
(—xzaz—i-l) (—azcx2 +c)3 z

Optimal (type 3, 79 leaves, 5 steps):

axyc
arctan[ —_— ]

(ax—i-l)2 J-d?ext +c 5(ax+1)
3(_2 sa T 33, -
3a° (-a*ex? +c¢) ac 3¢y -a’ e +¢
Result (type 3, 165 leaves):
[ NEE:
arctan| ————
B 3x n J-a*ex +c¢ B 2 B 2
2 _ 2 2 2 3 _ 2 2
ey -dtexl +e¢ a“cya‘c Aoy -d? e +c 3a4c(x—l]/—c(x—l) az—Z(x—l)ac
a a a

+

Problem 296: Result more than twice size of optimal antiderivative.



J (ax—i—l)2 &
(—xzaz—i-l)x(—azcx2 —|—c)3 Z

Optimal (type 3, 68 leaves, 7 steps):

[ N -a*cx? +c
arctanh| ——F——
2(ax+1) Je

3 (-azcx2 +C)3 /2 ¢ /2 ey -d* e +c
Result (type 3, 151 leaves):

In 2¢+2c -a?cex? +o
X

c\/m 03/2 3ca(x—l)/—c(x—ljzaz—2(x—l]ac i 3act | -¢ x—%

Problem 298: Unable to integrate problem.

J (ax+1)2x" (-a®cx® +c)3 z dr

2d+1
Optimal (type 5, 154 leaves, 7 steps):
1 1 m 3 m
5+42m)x!Tmh st S+
_x1+m(—a2cx2+c)3/2+c( m) x ypergeom([ 272 2] [2 2
4tm (14m) (4+m)J 2 +1
2acx2+mhypergeom([—%,l+ﬂ}, 2+%],x2a2J\/ -d?ex +e

2

(24+m) Xd+1

Result (type 8, 38 leaves):

+

dx

(ax+1)2x" (-a®cx® +c)3 z
a®+1

Problem 300: Result more than twice size of optimal antiderivative.
J(ax—i—l)3 (—azcx2 +c) e
(~2a?+1)* 22

Optimal (type 3, 60 leaves, 8 steps):

I
3acarcsin(ax) —3acarctanh(\/m) —ac Pl +1 — e Pa+1

X
Result (type 3, 121 leaves):



2
3cd? arctan[ L ]
J&&

ca3x2 ca C cazx

- - +
\/—xzaz—i-l \/—xzaz—i—l x\/—xzaz—i-l \/—xzaz—i-l

—3ca arctanh[ ! J +

Problem 301: Result more than twice size of optimal antiderivative.
J(ax—i—l)3 (—azcx2 +c) e
(~Ca?+1)° 2

Optimal (type 3, 99 leaves, 8 steps):

B 15a4carctanh(\/ at+1 ) _cy -at+1 _acy Zat+1 _ 15a20\/ Zat+1 _ 3a3c\/ at+1
8 4 x* x3 8 2 X
Result (type 3, 230 leaves):

3a? [ ; — arctanh[ ;
32 1 i V-2 +1 J-2d+1
. @ x N 1 22 -Cd*+1 2 1
J -2t +1 4t -2a*+1 4 30 -2 add+1

1 i 2a%x

_x\/—x2a2+l \/—x2a2+1
3

+24°

1 2d%x J 4 1 1
- + +34" | ———  —arctanh| ——
x\/—x2a2+1 \/—x2a2+1 (\/—x2a2+1 [\/—x2a2+1 JJ

Problem 307: Unable to integrate problem.

(ax+1)3X") -d?ex* +¢
32 dx
(—x2a2+1)
Optimal (type 5, 126 leaves, 5 steps):
_3x1+’”\/—azcx2+c _ ax* ™M -a*ex? + ¢ +4x1+mhypergeom([1,l+m],[2+m],ax)\/—a2cx2+c
(14+m){-Pa*>+1 (2+m)\/—x2a2—|—1 (14+m)y-2a>+1

Result (type 8, 38 leaves):

(ax+1)3X") -a?cx® + ¢ &
(—xzaz+1)3 /2

Problem 308: Unable to integrate problem.



J(ax+1)3x(—azcx2+c)pdx
(-2 +1)> "
Optimal (type 5, 122 leaves, 5 steps):
3
7 tr Tyt 1 3 1 ax |1
2277 (cax 1) 7 7 (e + P wypergeom [ 4, -3 —p| [ 4p) 22+ 1)
(rax+1) (e + ) hypergeom( | =3 +2. -5 =PL |3 4P} "5 F 7 ek 1) (el o)
@ (-2p*—p+1) (P2 +1) 282 (1+p) -2 +1
Result (type 8, 36 leaves):
dx

J (a)c—|-1)3x(—azcx2 -I—c)p
(—xzaz—l-l)3 /2

Problem 309: Unable to integrate problem.

J (ax—i—l)3 (—azcx2 —I—c)p &
(~2a?+1)* 2%
Optimal (type 5, 178 leaves, 8 steps):

A (7—6p)x(-d>cx® +c)phypergeom([%, % - }, [%-,xzaz) (-a?ex? + ) 3a(-d e +c)

(-Fa+1) R REAT o RET

a? (9—2p) (e +c)phypergeom( [1, —% +pl, [% +p}, —x2a2+lj

2(1=2p){-2d*+1

Result (type 8, 38 leaves):

+

J (ax+1)3 (—cz2cx2 —I—c)p dx
(~2a?+1)° 20

Problem 313: Unable to integrate problem.

J (ax+1)4(—a2cx2 —I—c)p dx

(-2a®+1)°
Optimal (type 5, 61 leaves, 3 steps):
22 Pe(ax+1) 7P (-d? e’ +c)_1+phypergeom( [-2—-p,-1+pl, [P] iy + %)

a(l—p)
Result (type 8, 35 leaves):



dx

J (ax+1)4(—azcx2 +c)p
(-2a®+1)°

Problem 320: Unable to integrate problem.

ax+1

J(-xzazﬂ)”mdx

Optimal (type 5, 47 leaves, 2 steps):

1 3
5 tr 5 tr
_22 (-ax+1)?2 hypergeom([%+p,%—p],[%+p],-%+%j
a(3+2p)
Result (type 8, 34 leaves):
(-x2a2+l)p\/—x2a2+l e
ax+1
Problem 321: Unable to integrate problem.
(-x2a2+l)p\/—x2a2+1 e
(ax+1) 2
Optimal (type 5, 66 leaves, 5 steps):
1
11 1 777 1 3 5
hypergeom([—z,a—p],[a ,xzaz) a(—x2a2+1) hypergeom([l,z-l-p],[g —i—p], Pa —i—l)
- +
X 1+2p

Result (type 8, 37 leaves):

(-2 1Y ZETT
(ax-’rl)x2

Problem 322: Unable to integrate problem.

ax+1

Jx3 (—azcx2 +c)p\/ 2d+1 de

Optimal (type 5, 124 leaves, 7 steps):
P ax (-a*cx? +c)phypergeom([i 1 ], [%

2
@fal+ﬂ3ﬂ(ﬂ£mg+c) 272 ,fa) _(—f&g+cyd—fa2+l
a*(3+2p) 5(-2a?+1)° a* (1+2p)




Result (type 8, 38 leaves):

Jx3 (—azcxz +c)p\/ a?+1 e

ax+1

Problem 327: Result more than twice size of optimal antiderivative.
5/2
J(—azcx2+c) /(—x2a2+1)

dx
(ax—i—l)2

Optimal (type 3, 107 leaves, 7 steps):

7¢ /2 arctan[ —axwe

7cx(—a2cx2+c)3/2 7(—azcxz—l-c)5/2 (—ax—i—l)(—azcxz—l-c)s/2 v -d?ext +o ] TExy -d?ex +¢
24 + 30a + 6a + 16 a + 16

Result (type 3, 225 leaves):

2
Jacx 5 /2
50 arctan[ _— /

m} .\ 2[—c(x+%)2a2+2(x+%)ac)

S5a

_x(—azcx2 —I—c)5 /2 _ 5CX(—GZCX2 —i-c)3 /2 _ 52xy -d? e +c _
6 24 16

16 d*c

3 ¢ arctan

32

1) , 1 1) 5 1 1) , 1
c|-clx+— | a+2|x+—|ac X 3 [ -clx+—=| @42 |x+—|acx <|lx+— | a+2|x+—|ac
a a n a a n a a

_|_

2 4 4\/a2c

Problem 334: Unable to integrate problem.

X -a? e e (—Jc2612+1)3 /2 dx
(ax—i—l)3
Optimal (type 5, 126 leaves, 5 steps):

B 3xttm-d?ex +e " ax> ™ -a?ex? +c " 4x! TMhypergeom([1, 1 +m], [2 +m], ~ax) y -a*cx’ +¢
(l+m)\/-x2a2+1 (2+m)\/-x2a2+l (l+m)\/-x2a2+1

Result (type 8, 38 leaves):

me(-xzaz+l>3/2dx

(ax—i—l)3

Problem 335: Unable to integrate problem.



(—azcx2+c)p(—x2a2+1)3 /2 de
(ax—i—l)3
Optimal (type 5, 74 leaves, 3 steps):
1 5
5 tp 5 TP
22 (-ax+1)2 (-a® c2® + ¢)” hypergeom i—l—p,é —P| l—i—p , -2 -I—l
_ 2 2 2 2 2
a(5+2p) (2d®+1)
Result (type 8, 35 leaves):
(-azcx2+c)p(-x2a2+l)3/2 de
(ax+1)3
Problem 337: Unable to integrate problem.
ax+1
N Zat+1
(—azcx2 +c)5 /A
Optimal (type 3, 91 leaves, 5 steps):
(x22+1) arctanh(‘_ax-’_l\/_)\/— 5 1 /4
(-Pd®+1)
B 1 /4 + ) 1 /4
2ac(-a cx2+c) ac(-a cx2+c) v -ax+1

Result (type 8, 36 leaves):
ax+1
_ 2
N “a +51/4 dx
(—azcx2 —i—c)

Problem 338: Unable to integrate problem.
ax+1
JZaT
x (—azcx2 +c)5 z

Optimal (type 3, 169 leaves, 9 steps):

v —ax+ \/_
a(—x2a2+1)1/4arctanh(\/ —ax+1) _ a ad 2+1) arctanh[ Jﬁ a(—x2a2+1)1/4

+
c(—azcx2+c)1/4 2c(—a cx2+c)1/4 c(—azcxz-l—c)l/“\/ —ax+1



_ (—x2a2+1)1/4
cx(—azcx2 +c)1 /4\/ -ax +1

Result (type 8, 39 leaves):

ax+1
_ 2
J-Pa +15/4 dr
xz(-azcx2+c)
Problem 339: Unable to integrate problem.
ax+1 3
_ 2
N “a +19/8 e
(-azcx2+c)
Optimal (type 5, 162 leaves, 5 steps):
42 (ax+ 1) A (22 +1)' A 8 (cax+6) (ax+ ) B (R22+1)
7a c(-ax+1)3/8(—a cxz+c)1/8 21a4c( ax+1) /( -a cx2+c)l/8
6421/8(ax+15/8(x22+1) /hypergeom il E,—ﬂ 1
4 8’ 8 8 2 2
105a4c(—a cx2+c) LA
Result (type 8, 39 leaves):
ax+1 3
2
N 1
sza +9/8 d
(—a cx2+c)
Problem 340: Unable to integrate problem.
n arctanh(a x)
Je -
-d?ex +c¢
Optimal (type 5, 82 leaves, 3 steps):
n 1+ n n ax 1
5 2 %h — = Ll1=-=-=+=
(ax+n? ypergeom( 2 2] 2 2)
n n
azcn(—ax—i-l)2 0;2(211(—0tx—l-1)2

Result (type 8, 24 leaves):



n arctanh(a x)
€ X
J ikl

~a*ex* + ¢

Problem 341: Unable to integrate problem.

Jen arctanh(ax)x3 —a20x2 4o dx
Optimal (type 5, 206 leaves,

3 n 3 n

5 steps):

3 n 3 n
_x2(—ax+1)2 2 (ax-{-l)2 2 J-d?ext +¢ __(—ax-i—l)2 2 (ax-{-l)2 2 (3anx-%n24—8)v—a2a9-+c
542 -xa* +1

60a*y - a* + 1

([3 n 1 n]
hypergeom| | = — —, -— — — )

2

+

| =
N | W
SRS

n
Zn(n*+11) (max+1)

,—£%£ +-l-)\/-a2cx2-+c

2

15a4(3-—n) Xd+1
Result (type 8, 26 leaves):

Jen arctanh(ax)x’% -a20x2 4+ dx

Problem 342: Unable to integrate problem.

& arctanh(a x) / _a2cx2 4 &
x2

Optimal (type 5, 218 leaves, 6 steps):

1 n 1 n
L _n 1 _n 75 sty 1 n 3 nl] -ax+1
L n Lyn 2 2 2 2 1 _nl|3_n N
(—ax—kl)z 3 (ax—%l)z +2 JTZTZ;TE:: 2an(-ax+1) (ax+1) hypmgemn([l,z > ,[ > > P ax 1 ] e +e
xy -2a?+1 (I =n)y Pa*+1
1 n 1 n
513 PR 1 3 n ax 1
22 2 - 1)?2 %h — -z __2 - - = ———-+-—J -a?ex® +
.\ a(-ax+1) ypergeom 73 Sl 3 ) 2 J -a‘ce c

Result (type 8, 26 leaves):

& arctanh(a x) / _a2 sz +c &
x2

Problem 343: Unable to integrate problem.



& arctanh(a x)
— dx
\/-azcx2+c

Optimal (type 5, 80 leaves, 3 steps):

L.n 1 _=n
_22 2 (-ax+1)? zhypergeom([%—%,%—%],[%—%,—%+%)\/—x2a2+1
a(l—n) ~d?exX +c
Result (type 8, 23 leaves):
dx

J & arctanh(a x)

Problem 344: Unable to integrate problem.

& arctanh(a x)
— dx
0 N -d*ex +c

Optimal (type 5, 202 leaves, 6 steps):

1 1 n

n 1 n 1 n
_(—ax—i—l)2 2 (ax—i—l)2 2 /-2d+1 _an(—ax—i—l)2 2 (ax—i—l)2 2 /-2d+1
22 -a* e +¢ 2x\/—a2cx2-kc
1 n 1 n
2(2 272 R 1 _n][3 _n
@ (n*+1) (~ax+1) (ax+1) hypergeom([l,a—g], 2750

ekl fraT

ax+1

(I —=n)+ -a?ex’ +c

Result (type 8, 26 leaves):

n arctanh(a x)

B
sz’\/ -a*ex +c

Problem 347: Unable to integrate problem.

& arctanh(a x)
3,2 dx
2 ( -a?ex® + c)

Optimal (type 5, 279 leaves, 7 steps):

~ 1 n

1
a(2+n) (-ax+1) 2 (ax+1) 2+2\/—x2a2+1 _ (-ax+1)

ST

N | =

n L
2 (ax+1) 2

n
2

N Zat+1

c(l+n)y -d*ex +c

cx+/ -a*ext + ¢



1
_ a(n24—2n-%2)(—ax-%1)2 (ax+1)

c(—nz—i-l)\/ ~d? e +c

n

ST
N | —

n

Ly
(ax+1) 2 2 hypergeom([l, —% +%

c(l-—n)\/—azcx24—c

0| =
YRS

2an (-ax+1)

>

M) 2211

-ax+1

+

Result (type 8, 26 leaves):

n arctanh(a x)

[
Jf(ﬂfﬂg+d3ﬂ(h

Problem 348: Unable to integrate problem.

J & arctanh(a x) 1 &

—azcx24—c
Optimal (type 6, 38 leaves, 2 steps):

x1+mAppellF1(l +m, 1+ %, 1 - %,2 +m, ax, —ax)

c(1l+m)
Result (type 8, 26 leaves):

J et arctanh(a x) " "

—azcxz—kc

Problem 349: Unable to integrate problem.

n arctanh(a x)
€ X"
J ey

(—azcxz—%c)z
Optimal (type 6, 38 leaves, 2 steps):

x1+mAppellF1(1 +m,2 + %,2 - %,2 +m, ax, —ax)

A (1+m)

Result (type 8, 26 leaves):

J' & arctanh(a x) L "

( -t ex? + 0)2

Test results for the 97 problems in "7.3.7 Inverse hyperbolic tangent functions.txt"

Problem 4: Result more than twice size of optimal antiderivative.



Jx4 arctanh[ i dx

Jexr +d

x arctanh[ i

Optimal (type 3, 67 leaves, 4 steps):

2d(e2+d)>? (et +d) N Jed +d ) dJe +d
156 /2 2565 /2 5 56/

Result (type 3, 175 leaves):

4d[ Cle +d  2dJe +d
Je

Hex +d 3
xjarctanh[i 3/ OJex +d _ 6d Se - Se
Jexr +d i ¢ Te Te
5 5d
4d[ 2(e2+d)>?  2d(el+d) /2]
Je x4(ex2+d)3/2 _ Se 15
Te Te

5d

Problem 6: Unable to integrate problem.

ng /2 arctanh[ L dx

Jexr +d

Optimal (type 4, 177 leaves, 6 steps):

2x”/2arctanh LJ
[\/ex2+d L3640 2ed+d 4 el +d 0w e +d

11 847 3 /2 12147 ea7 o /2
1 /4 2 1 /4
30d'! /4/008[2arctan( £ NX 1){‘7 JJ EllipticF[sin[Zarctan[ ¢ 1}{‘7 ]J, \/27 ] (\/7 +\/?x)/—ex2 td 5
‘ d (/T + <)

1 /4
847005[2arctan( edl—/\{‘yjje“ /A e +d

Result (type 8, 21 leaves):

ng /2 arctanh[ i dx

Jexr +d




Problem 7: Unable to integrate problem.

J)f /2 arctanh[ e
Jexr +d
Optimal (type 4, 157 leaves, 5 steps):
2%/ /2 arctanh[ L
Jed+d ) 40 [ed+d | 20d)x e +d
7 49 e 14763/2
1 /4 2 1 /4
104’ A/cos(2arctan[%)] EllipticF[sin[Zarctan[ ¢ lf ]), \/27 J (\/7 +\/?x)/ex2—+d2
d d (V@ +ex)

1 /4
147cos[2arctan( edl—/\{t? J ] e /A [ex* +d

Result (type 8, 21 leaves):

st /2 arctanh[ i dx

Jexr +d

Problem 8: Unable to integrate problem.

J\/? arctanh[ & J dx

Jedr +d
Optimal (type 4, 139 leaves, 4 steps):

25 /2 arctanh[ i
Jexr +d _4\/?\/ex2+d
3 9Je

2
24 /4/cos(2arctan[ el/ﬂ]] EllipticF[sin[Zarctan[ e /4\/7 J], V2 J (\/7 +\/?x) ﬂ
dl /4 dl /4 2 (\/7+\/?x)2

/
9cos[2arctan[eldl#])e3 /4\/ex2 +d

Result (type 8, 21 leaves):

}\/? arctanh[ & J dx

Jexr +d



Problem 9: Unable to integrate problem.

arctanh[ i J
N ext +d e
Ry

Optimal (type 4, 122 leaves, 3 steps):

xye 1/4/ ( [el /4\/x ]]2 .. [ . [ [el /4\/x )] V2 J / ex +d
2 arctanh| ———— 2e cos| 2 arctan| ———— EllipticF | sin| 2 arctan R (\/d +e x) —_—
[ Je2 +d 1/ a4 2 (/T +x)

1 /4
Jx cos[2arctan(edl—/\{‘7j]dl /4\/ex2 +d
Result (type 8, 21 leaves):

arctanh[ i J
N ext +d e
Ry

Problem 10: Unable to integrate problem.

Jx7 /2 arctanh[ _Xve dx

\/exz +d

Optimal (type 4, 289 leaves, 7 steps):

250 /2 arctanh L
N ex* +d

L 8dP el vd 4l PP +d 8P x el +d

9 405 /2 81Ve 135 (V7 +e x)
28d° /4/005[2arctan[ #]J ElhpncE{sm 2arctan( e /14f ]], \/27 J (\/7 +\/?x) exz—+dz
d (V7 +Vex)

1/4
135005{2arctan( ]/4 )Jeg/“\/exz—i-d

14d° /4/cos(2arctan[ 1?/{‘_ ]] Ell1pt1cF[sm 2arctan[ 1/14/{17 )] JZT J (Va +\/?x)/ﬁ

1/4
135005[2arctan( 1/4 J]e9/4\/ex2+d

Result (type 8, 21 leaves):



Jx7 /2 arctanh[ i dx

Jexr +d

Problem 11: Result more than twice size of optimal antiderivative.
Jx'l T arctanh(a + bX") dx
Optimal (type 3, 45 leaves, 4 steps):

(a +bx") arctanh(a + b ") n ln(l — (a +bx”)2)
nb 2nb

Result (type 3, 120 leaves):

-1 +a 1+a -1+a 1 +a
In| X" + In| X" + In| X" + In| X" +
Pin(a+bx+1) (1 —a—ba") n( b )“ N n( b )a N n( b ) N n( b )
2n 2n 2nb 2nb 2nb 2nb
Problem 30: Unable to integrate problem.
arctanh(tanh(bx +a))
Optimal (type 5, 90 leaves, 3 steps):
_ bx
)Jn lh 1, _1 s )
B X" . mx" 1 _ " ypergeom([ " 1 m] bx — arctanh(tanh(bx +a)) )
2 barctanh(tanh(bx +a))?>  2b%arctanh(tanh(bx +a)) 2b% (bx — arctanh(tanh(bx +a)))
Result (type 8, 838 leaves):
bx+a)2
- 21] 41" xp + wmcsgn . csgn(I(ebx+“)2)csgn M gnint
(&57e) +1 () 1
bx+a)2 2
— TUm csgn _r 5 csgn M) (e 2) e’"lnm+nmcsgn(lebx+“)2csgn(l(ebx+“)2)emlnm
(ebx-‘ra) 41 (ebx-‘ra) 41
2
2 3 bx+a)?
—ancsgn(lebx+“)csgn(I(ebx+“)2) e’”l“(’”+nmcsgn(1(ebx+“)2) e”’lnm—Tcmcsgn(l(ebx+“)2)csgn[ (e ) M)

(ebx-i-a)z +1
I(ebx+a)2 3

+mmesgn| ————
{ (ebx+a)2+1

bx+a)2
emln(x)+4Imem1n(x)ln(ebx+“)J] [[ncsgn(—l ]csgn(l(ebx+”)2) csgn[—(l(e ) j

(&5 41 e

hx+a)?2 2 5
—Tesgn % csgn % +mesgn(1e7%)? csgn (1 (7%9)?) — 2mesgn(1e*+9) esgn (1 (27F4)?)
(ebx-i-a) +1 (ebx-i-a) +1



I(ebx+a)2

3
+1tcsgn(1(ebx+“)2) —ncsgn(l(ebx+“)2)csgn
(ebx+a)2+1

2 3 2 mIn(x)

bx+a)2? (-21m¢ (m

+ncsgn[%] +4Iln(ebx+“)] xsz +J
)T+ 1

x+a)? bx+a)? 2
—1 b%x* | -mesgn _ csgnl I ebx+“2 csn[l(eb#]+ csn[éJcsn[MJ
))/[ [ Tese [ (ebx+a)2+1 ) g ( ( ) ) g (ebx+a)2+1 Tese (ebx+a)2+1 g (ebx+a)2+1

2

- ncsgn(lebx+“)2csgn(1 (¢bxta)?) +2mesen(1e2¥79) esen(1 (br+a)?)

—ncsgn[ Mr —4Iln(ebx+“)]j dx

(ebx-i-a)z +1

13 5 I(ebx-‘ra)2 2
—nesgn(1(*4)?)” +mesgn(1(eP¥+9)) esgn (hr+a)?
€ +1

Problem 52: Result more than twice size of optimal antiderivative.

/2
arctanh(tanh(bx + a) )2
Optimal (type 3, 90 leaves, 4 steps):
Sarctanh[ b x J (bx—arctanh(tanh(b)c+a)))3/2
5072 JBx — arctanh (tanh (bx ¥ a)) B o/
3 b2 b7 /2 b arctanh (tanh (bx + a) )
N (bx — arctanh(tanh(bx +a)) ) Jx
b3
Result (type 3, 293 leaves):
2372 _ 4ax _ 4 (arctanh(tanh(bx+a)) —bx—a)fx Jx a? _ 2/x a (arctanh(tanh(bx +a)) —bx —a)
32 b b b3 arctanh (tanh (bx +a)) b3 arctanh(tanh(bx +a))
Sarctan( b\/? a*
_ J/x (arctanh(tanh(bx +a)) —bx—a)? J (-bx + arctanh(tanh(bx +a))) b
b? arctanh (tanh (bx +a) ) b3V {=bx + arctanh (tanh (bx + @) ) ) b
10arctan{ byx ja(arctanh(tanh(bx—i—a)) —bx—a)
" J (-bx +arctanh(tanh(bx +a))) b
b3\ (-bx + arctanh(tanh(bx +a) ) ) b
Sarctan[ byx J (arctanh(tanh(bx +a)) —bx —a)?
+ J (-bx +arctanh(tanh(bx +a))) b

b3\ (-bx + arctanh(tanh(bx +a) ) ) b



Problem 54: Result more than twice size of optimal antiderivative.
7 /2
X

J dx
arctanh(tanh(bx + a) )3

Optimal (type 3, 107 leaves, 5 steps):

35 arctanh Vb x J (b)c—arctanh(tanh(bx+a)))3/2
352572 JBx — arctanh(tanh (hx ¥ a)) B X /2 B 7.5 /2
1253 450 /2 2 barctanh(tanh(bx +a))>  4b%arctanh(tanh(bx +a))
4 35 (bx — arctanh(tanh(bx +a) ) ) x
4p*
Result (type 3, 417 leaves):
28372 6aJx _ 6 (arctanh(tanh(bx +a)) —bx—a)Jx _ 132 /2 _13x% /4 (arctanh(tanh (bx +a) ) —bx —a)
3B b* b* 4 b3 arctanh(tanh (bx +a) )? 2 b3 arctanh(tanh (bx +a))?
13X /2 (arctanh (tanh(bx +a) ) —bx —a)? B 1143 x _ 33x a* (arctanh(tanh(bx +a)) —bx —a)
4 b arctanh(tanh (bx +a))? 4 b* arctanh(tanh (bx +a))? 4 b* arctanh (tanh (bx +a))?
_33J;a(mmmmﬁmhwx+a))—bx—aﬂ _llf;(mdMMUmhwx+a))—bx—aP
4 b* arctanh(tanh (bx +a) )? 4 b*arctanh(tanh (bx +a) )?
35 arctan b\/; J a? 35 arctan{ b\/; a (arctanh(tanh(bx +a)) —bx—a)
n J (-bx +arctanh(tanh(bx +a))) b n J (-bx +arctanh(tanh(bx+a))) b
4b*(~bx + arctanh(tanh (bx +a))) b 2b%(~bx + arctanh(tanh (bx +a))) b
35 arctan byx j (arctanh(tanh(bx +a)) —bx—a)2
+ J (-bx +arctanh(tanh(bx +a))) b

4b*\(~bx + arctanh(tanh (bx + a)) ) b

Problem 55: Result more than twice size of optimal antiderivative.
P/
arctanh(tanh(bx + a) )3

Optimal (type 3, 86 leaves, 4 steps):

15 arctanh Vb x J bx — arctanh(tanh(bx + a) )
] 02 B 5372 NEENEN JBx — arctanh(tanh (hx ¥ a))
2 barctanh(tanh(bx +a))?>  4b%arctanh(tanh(bx +a)) 4b° 457 /2
Result (type 3, 248 leaves):
2Jx 9.3 24 L 9x /2 (arctanh(tanh (bx +a)) — bx — a) N 7Jx &

b 4 b? arctanh (tanh (bx +a) )? 4 b? arctanh (tanh (bx +a) )? 4 b° arctanh (tanh (bx +a) )?



15 arctan b \/;

4 7\ x a (arctanh(tanh(bx +a)) —bx —a) 4 7/x (arctanh(tanh(bx+a)) —bx—a)?

J (-bx + arctanh(tanh(bx +a))) b

2 b? arctanh(tanh (bx +a) )? 4 b3 arctanh(tanh (bx +a))?

15 arctan b\/;
J (-bx +arctanh(tanh(bx +a))) b
45> (-bx + arctanh(tanh (bx +a)) ) b

)
4b3\/ (-bx + arctanh(tanh(bx +a))) b

j (arctanh(tanh(bx +a)) —bx —a)

Problem 59: Result more than twice size of optimal antiderivative.

Jarctanh(tanh(bx+a) )3 /2 de

NE3

Optimal (type 3, 79 leaves, 3 steps):

3 arctanh \/7\/? (bx — arctanh(tanh(bx +a) ) )2
J arctanh(tanh(bx +a)) n arctanh(tanh(bx +a))?> /2\/?
4B 2
_ 3 (bx—arctanh(tanh(bx +a))) x Jarctanh(tanh(bx +a))
4

Result (type 3, 164 leaves):

arctanh(tanh(bx+a))3 /2\/7 I 3a/x [ arctanh(tanh(bx + a) ) n 31n(\/?\/7 + 4 arctanh(tanh(bx + a) ) )a2

2 4 4b
N 3ain(yB V¥ + arctanh(tanh(bx +@)) ) (arctanh(tanh(bx +a)) — bx — a)
2(b
4 3 (arctanh(tanh(bx +a)) —bx —a) y/x arctanh(tanh(bx +a))
4
N 31n(yB x + . arctanh(tanh (bx +a)) ) (arctanh(tanh(bx +a)) —bx —a)?
46

Problem 63: Result more than twice size of optimal antiderivative.

Jarctanh(tanh(bx—i—a) )3 /2 de

Jx

Optimal (type 3, 108 leaves, 4 steps):



RES

5 arctanh (bx—arctanh(tanh(bx+a)))3
Jarctanh (tanh (bx + a)) _ 5 (bx —arctanh(tanh(bx +a) ) ) arctanh(tanh(bx +a))3 2%
8\/7 12
i arctanh (tanh(bx +a))> /2\/7 n 5 (bx — arctanh(tanh(bx +a) ) )2\/?\/arctanh(tanh(bx+a) )
3 8

Result (type 3, 285 leaves):
arctanh(tanh(bx + a) )5 /2\/7 i 5a+/x arctanh(tanh(bx + a) )3 /2 " Sazﬁ\/arctanh(tanh(bx+a)) i 51n(\/7\/7 + 4/ arctanh(tanh(bx + a)) )a3
3 12 8 8\/7
15a21n(\/7\/7 +  arctanh(tanh(bx +a)) ) (arctanh(tanh(bx +a)) —bx —a)
8V

4 54 (arctanh(tanh(bx +a)) —bx —a) /x  arctanh(tanh(bx + a))
4

4 15aln(\/7\/7 +  arctanh(tanh(bx +a) ) ) (arctanh(tanh(bx +a)) —bx —a)?
8o

(arctanh(tanh(bx +a)) —bx —a) /x arctanh(tanh(bx +a) )3 /2 n 5 (arctanh(tanh(bx +a) ) —bx—a)zﬁ\/arctanh(tanh(bx+a))
12 8

4 51n(\/?\/7 + 4 arctanh(tanh(bx + a)) ) (arctanh(tanh(bx +a)) —bx—a)3

8Jb

+

!

Problem 66: Result more than twice size of optimal antiderivative.

/2
J arctanh(tanh(bx +a))
Optimal (type 3, 85 leaves, 3 steps):
3 arctanh Vb x (bx—arctanh(tanh(bx+a)))2
J arctanh(tanh(bx +a)) + x /ZJarctanh(tanh(bx +a))
45 2 2b

3 (bx — arctanh(tanh(bx +a))) Vx y/arctanh(tanh(bx +a) )
4b?
Result (type 3, 173 leaves):

»* /2 [arctanh(tanh(bx ¥+ a)) _ 3a\/x Jarctanh(tanh(bx ¥ a)) N 31n(? Vx + arctanh(tanh (bx ¥ a)) ) a?
2b e 4p5 /2

3aln(\/7\/? +  arctanh(tanh(bx + a)) ) (arctanh(tanh(bx +a)) —bx —a)
255 /2

_|_

+




_ 3 (arctanh(tanh(bx +a)) —bx —a) JVx Jarctanh(tanh (bx + a))
40

n 3ln(\/7\/? +  arctanh(tanh(bx +a)) ) (arctanh(tanh(bx +a) ) —bx—a)2
455 /2

Problem 69: Result more than twice size of optimal antiderivative.
P
3 /2 dx
arctanh(tanh(bx +a))

Optimal (type 3, 102 leaves, 4 steps):

15 arctanh b x (bx—arctanh(tanh(bx—i—a)))2
Jarctanh (tanh (hx + @) ) B 2572 L 5¢ /2 [arctanh (tanh (bx T @))
417 /2 b+ arctanh(tanh(bx +a)) 257
n 15 (bx — arctanh(tanh(bx +a) ) ) \/x y/arctanh(tanh(bx +a))
4 b3
Result (type 3, 260 leaves):
x5/2 . 5ax° /2 B 15a2\/? n 15a21n(\/7\/? +  arctanh(tanh(bx +a)) )
2 b arctanh(tanh (bx +a))  45% arctanh(tanh(bx +a)) 45/ arctanh(tanh (bx + a)) 417 /2
154 (arctanh(tanh(bx +a)) —bx—a) Jx . 15a (arctanh(tanh(bx +a) ) —bx—a) In(yB Jx + arctanh(tanh(bx +a)) )
253 [ arctanh (tanh (bx ¥ a)) 257 /2
5 (arctanh(tanh (bx +a)) —bx—a) /2 15 (arctanh(tanh(bx +a)) —bx—a)*Jx
4 b* [arctanh (tanh(bx +a) ) 4 b Jarctanh (tanh(bx +a) )
4 15 (arctanh(tanh(bx +a)) —bx—a)217n(/2\/?\/7 + 4 arctanh(tanh(bx + a) ) )
4b

Problem 70: Result more than twice size of optimal antiderivative.

o/
5,2 dx
arctanh(tanh(bx +a) )
Optimal (type 3, 87 leaves, 4 steps):

Vb Vx

5 arctanh (bx — arctanh(tanh(bx +a)))
Jarctanh (tanh (bx + @)) _ 25 /2 1053 /2
»! /2

3 barctanh(tanh(bx + a) )3 /2 3 b* [ arctanh(tanh(bx + a) )

n 5\/x  arctanh(tanh(bx +a))
b3




Result (type 3, 179 leaves):

X2 N 503 /2 N 5ax _ 5ain(yB ¥ + Jarctanh(tanh (bx +a)) )
barctanh(tanh(bx +a))® /2 3 arctanh(tanh(bx +a))3 > 43 [arctanh(tanh(bx F a)) b7 /2
4 5 (arctanh(tanh(bx +a) ) —bx—a)x3 /2 I 5 (arctanh(tanh(bx +a)) —bx—a)/x
3b2arctanh(tanh(bx +a) )3 /2 b3\/arctanh(tanh(bx +a))
5 (arctanh(tanh(bx +a)) —bx —a) 1n(/ﬁﬁ + Jarctanh(tanh (bx +a)) )
b7 2

Problem 73: Result more than twice size of optimal antiderivative.

ng arctanh(tanh(bx +a) )" dx

Optimal (type 3, 121 leaves, 5 steps):

> arctanh(tanh(bx +a))! 77 B 3x%arctanh(tanh(bx +a) )2 F" n 6 xarctanh(tanh(bx +a))> 7" B 6 arctanh (tanh (bx +a) )* "
b(1+n) b* (1 +n) (2+n) B3 (1+n) (2+n) (3 +n) B*(1+n) (24n) (3+n) (4+n)
Result (type 3, 491 leaves):
Bt In(arctanh(tanh(b x +a))) N n (-bx + arctanh(tanh(bx +a))) Bt In(arctanh(tanh(b x +a))) 3 6" ln(arctanh(tanh(bx+a)))a4
44n b(n2+7n+12) b* (n* +101° +35n% 4500 +24)
24 ¢ Intarctanh(tanh(b x+ @) 3 (aretanh (tanh (bx +a)) —bx—a) 36" Intarctanhtanhbx+a)) ;2 (gretanh(tanh (bx +a)) —bx —a)?
b* (n* +10m® +350% +50n +24) b* (n* +10n® +351% +50n +24)
24 ¢ Intarctanhlianh(b x+ @) 4 (arctanh(tanh(bx +a)) —bx—a)3 6" In@rctanhlanhbx+a) (arctanh (tanh(hx +a)) —bx —a)*
b* (n* +10m° +35n +50n +24) b* (n* +101° +35n> 4500 +24)

_ 3n(a® +2a (arctanh(tanh(bx +a)) —bx —a) + (arctanh(tanh(bx +a)) —bx — a)?) ¢ Intarctanhitanh(b x-+a)))
b (n® +9n* +26n +24)

+ 1
B (n* +101® +35n> 4500 +24)
+ (arctanh(tanh(bx +a)) —bx — a)3 ) xe" ln(armnh(tanh(b"""”)))

(61 (a® + 3 a* (arctanh(tanh(bx +a)) —bx —a) +3a (arctanh(tanh(bx +a)) —bx —a)?

Problem 75: Unable to integrate problem.
Jx arctanh(sinh(x) ) dx

Optimal (type 1, 1 leaves, 8 steps):

Result (type 8, 7 leaves):
Jx arctanh (sinh(x) ) dx



Problem 77: Result more than twice size of optimal antiderivative.
sz arctanh (cosh(x) ) dx

Optimal (type 4, 66 leaves, 10 steps):

- 2x3arct3anh(ex) + x3arctanh(3cosh(x) ) — ¥ polylog(2, -¢°) + 2 polylog(2, &) + 2 xpolylog(3, -¢*) — 2 xpolylog(3, ") — 2 polylog(4, -¢*) + 2 polylog(4,

¢*)
Result (type 4, 500 leaves):

Sin(1-¢)  LPn(ef—1)

X -X 2 2
— 2 polylog(4, -¢*) + 2 polylog(4, &) + »* polylog(2, ) — x* polylog(2, -¢) + Imesgn(le )csgn(le (e"+1) ) xr

3 3 12
B Incsgn(I(e‘+—1)2)3x3 +_Incsgn(l(e”—-l)2)3x3 + Incsgn(l(ex+-1)2)csgn(Ie’x(ex+-l)2)2x3 _ Inx
12 12 12 6

" Incsgn(Ie'x)csgn(I(ex—-1)2)csgn(le'x(e”—-l)z)xé B Incsgn(l(e"—-1))csgn(I(e"—-1)2)2x3 . Ichsgn(Ie'x)csgn(Ie'x(e"—-1)2)2x3
12 6 12

B Imesgn(Ie™) csgn(I (ex+1)2) csgn(le’x(ex—i- 1)2)x7’ + Iresgn (I (e — 1))chgn(1 (e — 1)2))(3 n Iresgn (T (e + 1))csgn(1 (" + 1)2)2x3
12 12 6

B Incsgn(I(ex—-l)z)csgn(Ie'x(ex—-1)2)2x3 n Incsgn(Ie'x(e”—-1)2)2x3 B Incsgn(I(e”+—1))2csgn(1(ex+-1)2)x$

12 6 12

3

P

- 2)3 - 2
X X —
Incsgn(le 1(2e"+1) ) X 2 xpolylog(3, %) — 2 xpolylog(3, &) — Incsgn(Ie 1(;” 1) )

Problem 78: Result more than twice size of optimal antiderivative.
Jx’arctanh(l +d+dtanh(bx +a)) dx
Optimal (type 4, 136 leaves, 8 steps):
bx N xtarctanh(1 +d +dtanh(bx+a))  *In(1+ (14+d)e2¥1249)  Bpolylog(2, - (1 +d) 2¥1H24) N 32 polylog(3, - (1 +d) Z2*T24)

B ’ i 4b 8 b2
_ 3Xp01y10g(4, —(1 +d) e2bx+2a) 4 3p01y10g(5, _(1 +d) ebe-i—Za)
8b3 16b4

Result (type 4, 1778 leaves):
. Inxt B dpolylog(2, (-d — 1) e2bx+2a) ;3 " (2 br+2ag y2bxt2a ) n 3dpolylog(3, (-d — 1) 2bxt2a) 2
8 4% (1 4+4d) 8 857 (1 +4d)

_ 3dpolylog(4, (-d — 1) 2P*T24) « " da31n(1 4t Tg—1 )x " da31n(1 — et T )x _ din(1 4 (1 +d) 2P*T29) x4
86 (1+d) 20° (1+d) 20° (1+d) 20% (1 +d)




a4ln(1 +ebx¥te Ta—1 ) _ 3In(1 4 (1 4+4d) P¥F2a) 44 " a41n(1 AN = ) " a3dilog(l RN = )

204 (1 +d) 86 (1 +4d) 20 (1 +4d) 204 (1 +4d)

Ibe+2a 3 4
Imesgn| ———— | X
a3dilog(1 —ePr¥te [Tg ) _ din(1 4 (1 4+d) 2PxT2a) " Incsgn(Iebe+2a)3x4 " ( hxt2a g J
204 (1 +4d) 8 (1+d) 16 16
detbxt2a \?
Imesgn| ———— | x
[ Phxt2a g ] _ polylog(2, (-d — 1) bx+2a) 3 _ polylog(2, (-d — 1) 2bx+2a) 3 + 3polylog(3, (-d — 1) 2bxF2a) 2
8 4b(1+d) 4b* (1 +d) 852 (1 +4d)
3 polylog(4, (-d—1)e2bx+2a)y _ a*n(e2PxF2ag 4 2bx+2a ) " 3 dpolylog( 5, (-d—1)e2bx+2a)
803 (1 +d) 8b* (1 +d) 166% (1 4+4d)
[(e2bx+2ay 4 2bx+2a 4 q) 3 . S hrtda [2bxt2a .
Incsgn[ ebe+2a+1 * x41n(ebx+a) In(d) x4 Incsgn( ebe+2a+1 ]csgn(le )csgn ebe+2a+l
16 - 4 T T 16
2bx+2a 2bx+2a
2bx+2a 2bx+2a I(e d+e +1) 4
Incsgn( 2biZa g jcsgn(l (e d+e +1))csgn( 2bit2a g X
16

2bx+2a 2bx+2a
Imtesgn(1d) csgn[ e ] csgn( lde

4
= A | X
Ghx+2a Ghx+2a 4 ) L datm(i+ e =a=T) | datim(1 — T —T)

16 206 (1 +d) 20 (1 +d)
daddilog(1 +e*te=a=1) N daddilog(1 — ¥ ta=q=1) N A1+ 9y=a—1)x (1 + (1 +d) b7+24) 43
26% (1 +d) 26% (1 +d) 26° (1 +d) 26° (1 +d)
[debx+t2a 3
3 b 2bx+2a) 4 I“CSgn( 2bxt2 ]x4
Ain(1 - y=a—1)x  3din(1 + (1 +d) P24 a4 Fhr+2a g
263 (1 +d) 8b* (1 +d) 16
I [(20¥+2ag 4 2bx+2a 4 q) 2 4
Imesgn| ————— | csgn b
( ebe+2a+1 ] ( ebe+2a+1 ] N Incsgn(lebx+a)2ngn(Iebe+2a)x4
16 16
[(2b¥H2ag 4 2bxt2a 4 ) 2 4
Incsgn(l(ebe+2”d+esz+2”—i—l))csgn( X
esz+2a+l 3 Incsgn(lebx-i-a)ngn(Iebe+2a)2x4
16 8
2bx+2a 2 2bx+2a 2bx+2a \2 2bx+2a \2
2bx+2a Ie 4 Ie Ide 4 de 4
Imesgn(Ie )csgn[ —e2bx+2a p J X Incsgn[ —esz+2“ p ]csgn( —esz+2“ T X Imesgn(1d) csgn —ebe+2a p

16 16 16



I e2hx+2a 2 4
ITECS n| ————|¢Ssgn| ————— X
g (ebe+2a+1 j g (ebe+2a+1 ) +ﬁ (1 (1 d) EPrr2a) . 3 polylog(s. (-d — 1) 2bx+24)
16 20 8(1+d) 1656% (1 +4d)
_da*In(efPxt2ag 4+ 203204 1) gpolylog(2, (-d — 1) @P¥T2a) 3
864 (1 +d) 4b(1+d)

Problem 79: Result more than twice size of optimal antiderivative.

J—xzarctanh( -14+d+dtanh(bx+a)) dx

Optimal (type 4, 120 leaves, 7 steps):
bx*  Parctanh(-1 +d +dtanh(bx+a)) XIn(1+ (1—d) b +24)  Ppolylog(2, - (1 —d) P¥H24) N xpolylog(3, - (1 —d) e2Px+24a)

12 3 6 4b 4 b2
B polylog(4, - (1 —d) ebe+2”)
8 b
Result (type 4, 1721 leaves):

2bx+2a 3 2bx+2a j_ 2bx+2a _ 2
Imécsgn(Ie—J Incsgn[ (e d—¢ ) ] X

_)éln(ebx-i-a) 3 11’1(d))£3 N e2bx+2a+1 B ebe+2a+1 N 11’1(1 4 (1 —d) e2bx+2a)x3
3 6 12 6 6(d—1)
I I(Cbe-i-Zad_ebe-i-Za_l) 2x3
Incsgn( 2bxt2a || ]csgn( 2bx+t2a || ]
_|_
12
2bx+2a 2bx+2a 2
2bx+2a ;_ 2bx+2a _ I (e d—e —1)
.\ Imesgn(I (e d—e 1))°Sgn( 2bxt2a 4 .\ dad In(2br+2a  — 2byt2a _ )
12 66 (d—1)
debxt2a 3
Imcsgn| ——m
N x31n(62bx+2ad_e2bx+2a_l) N dln(l + (1 —d) e2bx+2a)a3 N ITEX3 L g ( ebe+2a+1 ) N Infcsgn(Iebe+2“)3
6 33 (d—1) 6 12 12

_ dpolylog(4, (d—1)&P*24) @ dilog(1 — P>t fa—1) N @ dilog(1 + P>t fa—1) . polylog(2, (d —1) &b +24) 2

8563 (d—1) 20° (d—1) 20° (d—1) 4b(d—1)
B polylog(2, (d—1)e2bxt2a) 2 _ polylog(3, (d—1)ebxt2a)y n asln(l —ebxta [T ) " a31n(1 +ebxta g1 )

4b% (d—1) 4b% (d—1) 20 (d—1) 20 (d—1)
. dpolylog(3, (d—1) &"**2¢) x Ain(1—eb*ta/T=1)x N A1+ fd—1)x dd(1—¢*ta/a—1)

4b% (d—1) 26% (d—1) 2% (d—1) 20° (d—1)

ddm(1 4 e a—1)  ddldilog(1 =t [d—1)  ddldilog(1 +***/d—1)  dpolylog(2, (d —1)2bx+2a) 2
26° (d—1) 20 (d—1) 26 (d—1) 4b(d—1)




dpolylog(2, (d — 1) ZPxT24) 42 _ In(1+ (1 —d) bx+2a) 2 _ dazln(l —ebxtae g )x _ dazln(l +ebx¥tae g1 )x
4% (d—1) 2% (d—1) 20% (d—1) 20% (d—1)
pdykg(4,(d-—l)62bx+2a) n din(1 + (1 —d) e2bx+2a) 2
863 (d—1) 2% (d—1)

I 2bx+2 2bx+2
Incsgn(mjcsgn(l(e Xt2ag _bxt2a _ 1)) csgn
€ +1
12

x3 Ie2bx+2a Idebe+2a f I 2 byt

e - - - X a

Intx’ csgn(1d) csgn[ 2bxt2a 1 ]csgn( 2bit2a 1] } N In csgn[ 2bxt2a 4] )csgn(le )csgn(
12 12

3 2bx42 Iebe+2a 2 3 Iebe+2a Idebe+2a 2 3 Idebe+2a 2
X a - —_— _— A A
Imx esgn(le )ngn( 2bx+2a 4 ) In csgn[ 2bx+2a 4 | Jcsgn[ 2bx+2a 4 | J Imaesgn(ld) ngn[ Zhxt2a 4 ]

I(ebe+2ad_ebe+2a_l) x3
ebe-‘rZa 41

162 bx+2a
ebe-i—Za +1

a3ln(62bx+2ad—esz+2“—l) B ln(l—i—(l—d) ebe+2a)a3 B dln(l+(l—d) e2bx+2a))g
6b° (d—1) 363 (d—1) 6(d—1)

I(e2bx+2ad_62bx+2a_ 1) 3x3
ebe+2a+1

Iebe-i—Za Jz

o Imesen| o Jeen| o
bx e2hxt2a e2hxt2a

12 Tt T 12

ITE)C"csgn(lebx+“)2csgn(Iebe+2“) B In)?csgn(lebx+“)csgn(IeszJrz“)z
12 6

Incsgn(

Problem 80: Result more than twice size of optimal antiderivative.

medec+dwmwx+ade

Optimal (type 4, 277 leaves, 11 steps):

)Cq’ll’l[l— (l—c_d) eZbX'i‘ZaJ len[l 3 (1+C+d) ebe+2a) x2p01y10g(2 (1 —C—d) e2bx+2aj

«° arctanh (¢ 4+ d coth(bx +a) ) N l—c+d l+c—d L l—c+d
3 6 6 4b

l4+c+d e2bx+2a —c—d ebe+2a l+c+d ebe-‘rZa

x%Mﬂ%[L( 1+2—d xmhbg3,( 1—2+d mebg3,( 1+2—d

- — +
4b 4 b? 4 b?
l—c—d ebe+2a l+c+d ebe+2a
me44,( 1—!+d meg4,( 1+2—d

_|_

85> 8b
Result (type ?, 5293 leaves): Display of huge result suppressed!

Problem 82: Result more than twice size of optimal antiderivative.



J.—xzarctanh( -1+d+dcoth(bx+a)) dx

Optimal (type 4, 118 leaves, 7 steps):
b_x4 _ X arctanh( -1 +d +dcoth(bx+a)) _ Lln(1 — (1 —d)brt2a) _ * polylog(2, (1 —d) 2bx+2a) + xpolylog(3, (1 —d) e?P*+24)
12 3 6 4b 4 b2
_ polylog(4, (1 —d) g2hx+2a)
8 b3
Result (type 4, 1749 leaves):

Idebe-i—Za )3

Imcsgn| ————
(b)) In(d) X | In(1+ (d—1)Ebrt2a) 3 (e“x“a—l

2bx+2a)3
n I 4 Infcsgn(le )

3 T T 6(d—1) + 12 6 12
_ (i (@-nSPF2)alx Ain(1+eb e yT=a)x N A1 -+ yT-ad)x dd(1+e*t9yT-a)
2% (d—1) 20% (d—1) 26% (d—1) 26° (d—1)
Ie2bx+2a 3
3 bx+ 2 bx+ 2 4 bx+ Imsgn( 2bxt2 ng
_da ln(l—ex “\/l—d)_da dllog(l—i-ex“ l—d) _da dllog(l—ex“ l—d) n esITed
20° (d—1) 20° (d—1) 2% (d—1) 12
I(ebe+2ad_ebe+2a+1) 2
Imsgn[ 2hxt2 J 2bhx+2 2bxt2
B ghbxt2a_ _ dpolylog(4, (1 —d) Pxt24) + polylog(2, (1 —d) ?*T24¢) 2
6 8H3 (d—1) 4b(d—1)
B polylog(2, (1 —d) 2hxt2ay 2 _ polylog(3, (1 —d) g2hx+2a) n azdilog(l +ebxta l—d) n azdilog(l —ghxta l—d)
4b% (d—1) 4b% (d—1) 20 (d—1) 20 (d—1)
_ (4 (@-nSh) S A1+ T=ad)  din(1+ (d—1)&bx2a) 3 N Ain(1—eb*tayT=a)
3% (d—1) 20° (d—1) 6(d—1) 20° (d—1)
I(ebe+2ad_ 2bx+2a+1) 3
3. (2bx+2 2hx+2 Imsgn( 2bx+2 J X 4 b 2 2bhx+2
_a In(e?P¥t2ag —2bx+2a 4 1) n ?hxt2a +b_x n 170 csgn(Te?¥+4) " csgn (12 0¥ 2 @)
66> (d—1) 12 12 12

ITcx3csgn(Iebx+a)csgn(IeZb"Jrz”)2 + din(1+ (d—1) e2bx+2a)a3 + polylog(4, (1 —d) esz+2“) " din(1+ (d—1) ebe+2“)a2x
6 30 (d—1) 86 (d—1) 2% (d—1)

IeZb)H—Za Idebe+2a x}
Incsgn(ld) csgn[ W ] csgn( W)

dazln(l +ebx¥te T =4 )x _ dazln(l —ebxta T—4g )x +
20 (d—1) 20 (d—1) 12

I Iebe+2a
ngn[ 2bx+2a _ | )ngn[ 2bxt2a _ | ]

12

Incsgn(Iesz+2a)




I 2bx+2a 2bx+2a I(2hrH2ag —2brt2aqy) 3
~ InCSgn( 2bxt2a_ | ]CSgn(I(e d—e +1))CSgn( 2bxt2a_ | } N Bin(2br+2ag _ 2bxt2a )
12 6
_ dpolylog(2, (1 —d) PxT2a) 2 + dpolylog(2, (1 —d) ZPxT24) 42 " dpolylog(3, (1 —d) 2?*T24) x " dadIn(e2b¥t2ag _ 2bx+2a 4 q)
4b(d—1) 4b° (d—1) 4b% (d—1) 656 (d—1)
2bx+2a 2bx+2a 2 2bx+2a 2bx+2a \2
2bx+2a ; _ 2bx+2a (e d—e +1) le Ide
Incsgn(l(e d—e —i—l))csgn( Zbrt2a _ X Imcsgn 2bvt2a _ | csgn 2bri2a _ X
+ J—
12 12
2bx+2a 2 2bx+2a 2bx+2a 2
2 hri2a Ie I I(e d—e +1)
Imesgn(Ie ) csgn Shrtra 1 J Imesgn Shriaa L |csen Shiiza X
_ e 1 i e 1 e 1
12 12
I [2bx+2a 2 [debx+2a 2
Incsgn(mjcsgn(m )C?' Ichsgn(Id) csgn W )9
B 12 B 12

Problem 84: Result more than twice size of optimal antiderivative.
Jarctanh(tan(bx +a)) dx

Optimal (type 4, 64 leaves, 6 steps):

_ Ipolylog(2, _IGZI(bx—i-a)) 4 Ipolylog(2,IezI(bx+a))

Ixarctan(e? 1 ®*T9)) 4 xarctanh(tan(bx +a)) b ih

Result (type 4, 515 leaves):
\/7_'_1\/7_ 1 +1Itan(bx +a)

2 2 5
arctan(tan(bx +a) ) In ‘/1 +tan(bx +a)
V2 W2
arctan(tan(bx + a) ) arctanh(tan(bx +a)) 2 2
+
b 2b
J2 + /2  1+Itan(bx+a) V2 4 12 1+Itan(bx+a)
2 2 5 2 2 5
I dilog \/1 +tan(bx +a) arctan(tan(bx +a) ) In \/1 +ian(bxta)
J2 12 J2 12
P 2 o

2bh B 25



_\/7+I\/7_ 1 +TItan(bx +a) _\/T_I\/T_ 1 +TItan(bx +a)
2 2 5 2 2 5
I dilog \/1 +an(bx +a) arctan(tan(bx +a) ) In \/1 +an(bx +a)
A2 W2 A2 W2
n 2 2 n 2 2
2b 2b
V2 1J2 1 +Ttan(bx+a) V2 1J2 1 +Ttan(bx+a)
2 2 5 2 2 5
I dilog ‘/1 +an(bx +a) arctan(tan(bx +a) ) In \/1 +an(bx +a)
V2 W2 V22
B 2 2 . 2 2
2b 2b
V2 12 1+Itan(bx+a)
2 2 5
Ldilog J1+tan(bx +a)
V22
2 2

2b

Problem 85: Result more than twice size of optimal antiderivative.

J—xarctanh( -1 —=1Id+dtan(bx+a)) dx

Optimal (type 4, 108 leaves, 6 steps):

1hx*  Parctanh(-1 —Id +dtan(bx+a))  Zln(l + (1 +1d)let21bx) N Ixpolylog(2, - (1 4+ 1d) e21a+21bx)
6 2 4 4b

_ polylog(3, - (1 +1d) ?1et21bx)
8 b?
Result (type ?, 2357 leaves): Display of huge result suppressed!

Problem 86: Result more than twice size of optimal antiderivative.

J(fx+e)3arctanh(cot(bx—l—a) ) dx

Optimal (type 4, 251 leaves, 12 steps):

I (fx+e)*arctan(? 10 ¥+0)) " (fx +e)*arctanh(cot(bx +a)) . I (fx+e)>polylog(2, —Ie210x+a)) n I (fx+e)>polylog(2, 12 1Px+a))
4f 4f 4b 4b
N 3f(fx+e)?polylog(3, —1!1Px+a))  3¢(fx +e)?polylog(3, 12! PxTa) N 312 (fx +e) polylog(4, —1&210¥+@)
8 b? 8 b? 8 b’
. 31/ (fx +e) polylog(4, 1210 xT@) __3j3pdybg(5,—{e2”bx+“w +_3j3pdybg(ilez“bx+an
8b 16 % 16 6%

Result (type ?, 7428 leaves): Display of huge result suppressed!



Problem 87: Result more than twice size of optimal antiderivative.
J(fx + e) arctanh(cot(bx +a) ) dx

Optimal (type 4, 133 leaves, 8 steps):

I (fx +e)?arctan(e2 0¥ +a) " (fx + e)?arctanh(cot(bx +a)) _I(fx+e) polylog(2, —1e21Px+a)) " I(fx +e) polylog(2, 1e21bx+a))
2f 2f 4b 4b
+ fpolylog(3, —IeZI(bx+“)) _ fpolylog(3,1€21(bx+a))
8 b? 8 b?
Result (type ?, 2543 leaves): Display of huge result suppressed!
Problem 88: Result more than twice size of optimal antiderivative.
Jarctanh(cot(bx—i—a)) dx
Optimal (type 4, 64 leaves, 6 steps):
121 (bx+a) 21(bx+a)
Ixarctan(eZI(bx+“)) + xarctanh(cot(bx +a)) — Ipolylog(2,4ble ) + Ipolylog(2;Ibe )

Result (type 4, 764 leaves):

\/7_'_1\/7_ 1 +1Icot(bx+a)
2 2 \/cot(bx—l-a)z—l-l

In
V2o, W2
arctanh(cot(bx+a)) m arctanh(cot(bx + a) ) arccot(cot(bx +a)) 2 2
— + —
2b b 4b
\/7_'_1\/7_ 1 +1Icot(bx +a) ﬁ+1ﬁ_ 1 +1Icot(bx+a)
2 2 5 2 2 5
In \/cot(bx—}-a) +1 arccot(cot(bx +a)) I dilog \/cot(bx—i-a) +1
JI T I T
i 2 2 n 2 2
2b 2b
_\/7+I\/7_ 1 +TIcot(bx+a) _\/7+I\/7_ 1 +TIcot(bx+a)
2 2 5 2 2 5
n Jeot(bx+a)’+1 | Jeot(bx+a)> +1 arccot(cot(bx + )
V2 W2 V2 W2
n 2 2 . 2 2
4b 2b
V2 12 l+lcot(bx+a) V2 1IJ2 1 +Icot(bx+a)
2 2 3 2 2 5
Idilog \/cot(bx+a) +1 In \/cot(bx—i-a) + 1 .
V2 W2 V2 W2
2 2 2 2

2b 4b



_\/7 _I\/T 1 +Icot(bx+a) _\/7 _I\/T 1 +Icot(bx+a)
2 2 5 2 2 5
In \/cot(bx+a) +1 arccot(cot(bx +a)) I dilog \/cot(bx+a) +1
V22 V27
2 2 2 2
+ 2b + 2b
V2 12 1+Icot(bx+a) V2 12 1+4Icot(bx+a)
2 2 5 2 2 5
In \/cot(bx+a) +1 . In \/cot(bx—i-a) +1 arccot(cot(bx +a) )
V212 V2 W2
n 2 2 _ 2 2
4b 2b
V2 12 1+Icot(bx+a)
2 2 5
Ldilog Jeot(bx+a)? +1
V212
2 2

2b

Problem 89: Result more than twice size of optimal antiderivative.

sz arctanh (¢ + dcot (bx +a) ) dx

Optimal (type 4, 329 leaves, 11 steps):
x”ln(l_ (I_C_Id)eZIa-‘rZbe] x”ln(l_ (1+C+Id)621a+21bx]

x> arctanh (¢ + d cot(bx +a)) N 1 —c+1d 1 +c—1d
3 6 6
1 —c—1d) e2la+2lbx) ( (1+c+1d) eZIa-i-ZbeJ [ (1 —c—1d) 621a+2lbx
12 polylog| 2, 12 polylog| 2 lylog| 3
poyog[ > | —ct1d polylog| 2, R xpolylog| 3, T otid
_ " N
4b 4bp 42
(14+c+1d)?lat2lbx (1 —c—1d)*let2lbx (1 +c+1d)elat2ibx
lylog| 3 Ipolylog| 4 Ipolylog| 4
_xpoyog(’ 1 +c—1d N polylog| %, | —ct1d _ pologl % I +e—1d

45 8 b3 85>
Result (type ?, 6738 leaves): Display of huge result suppressed!

Problem 90: Result more than twice size of optimal antiderivative.

Jarctanh(c-i—dcot(bx—l—a)) dx

Optimal (type 4, 164 leaves, 7 steps):



(1 _C_Id) eZIa-‘rZbe

(1 +C+Id) eZIa+2be

xln[l— [ —etld ) xln(l—
xarctanh(c +dcot(bx +a)) + ¢ -

1+c—1d

J I polylog ( 2,

(1 _C_Id) eZIa-‘rZbe

1—c+1d

|

2 2

(1 +C+Id) eZIa-‘rZbe
1+c—1d
4b

628 leaves) :

_arctanh(c +dcot(bx+a))m i arctanh(c +dcot(bx +a) ) arccot(cot(bx +a))
2b b

I polylog ( 2,

+

Result (type 4,

4b

ctdcot(bx+a) ¢ ct+dcot(bx+a) ¢ .
- arctan( 4 d)ln(d( p 7 +c—1
2b
arctan( c+tdcot(bx+a) E)ln(d( c+dcot(bx+a) _2) +c+1)
n d d d
2b
oot ha s Id_d(c+a’cotc(lbx+a) _%J
Iln(d(c cot(bx +a) —£)+c+l)ln
+ d d l+c+1d
4b
1d+d ctdcot(bx+a) ¢ 1d—d ct+dcot(bx+a) ¢
Iln(d(c+dC0t(bx+a) —£j+c+ljln d d Ldilo d d
B d d Id—c—1 L 1 +c+ld
4b 4b
Ia,_‘_d(c+a’cot(bx-|—a) _5) Id_d(c—l—dcot(bx—i-a) _E)
1dilo d d Tin(q [ CEdeotlbxta) €y gy d d
o oee ld—c—1 ~ d d Td+c—1
4b 4b
Id_{_d(c—l—a’cot(bx—i—a) _E) Id_d(c—i-dcot(bx—i-a) _g)
Tin( g [ CEdeotlbxta) €y gy d d 1dilo d d
N d d l—c+ld o Toe Td+c—1
4b 4b
Id+d(c+dC0t(bx+a) _£)
I dilo d d
g l—c+ld

45

Problem 91: Result more than twice size of optimal antiderivative.

sz arctanh(1 +1d +dcot(bx +a)) dx
Optimal (type 4,

136 leaves, 7 steps):



1Hx* N Carctanh(1 +1d +dcot(bx+a)) X In(l— (1 41d)let21bx) N 1.2 polylog(2, (1 +1d) e +21bx)

12 3 6 4b
_ xpolylog(3, (1 +1d) e +21bx) __Ipobdog(4,(1-%Id)e21”+2lbx)
45 8 53

Result (type ?, 2455 leaves): Display of huge result suppressed!

Problem 92: Result more than twice size of optimal antiderivative.
J—xzarctanh( 1 +1d+dcot(bx+a)) de

Optimal (type 4, 136 leaves, 7 steps):
1hx*  Parctanh(-1 +1d +dcot(bx+a)) XIn(l— (1 —1d)let21bx) N 12 polylog(2, (1 —1d) e la+21bx)
12 3 6 4b
_ xpolylog(3, (1 —1Id) ¢?2la+21bx) _ Ipolylog(4, (1 —1d) ?1e T21bx)
4 p? 8 b3
Result (type ?, 2345 leaves): Display of huge result suppressed!

Problem 93: Result more than twice size of optimal antiderivative.
J—arctanh( -1 +1d+dcot(bx+a)) dx
Optimal (type 4, 77 leaves, 5 steps):

_ _ 2la+21bx _ 2la+21bx
—szz —xarctanh( -1 +1d +dcot(bx+a)) — xin(1 = (1 Izd) € ) + Ipolylog(2. (1 4;(1) € )

Result (type 4, 334 leaves):
_Tarctanh(-1 +1d +dcot(bx+a))In(Id —dcot(bx+a)) +_Imcmnh(—l—%Id—%dcoubx—%a))hﬁId—%dcodbx—Fa))

2b 2b
I I
— (-1d — t — (-1d — t
. (-Id —dcot(bx+a)) 2( d—dcot(bx+a)) . 2 —1d—deot(bx +a)
I dilog IIn(Id —dcot(bx+a)) In I dilog
n d " d B -21d +2
4b 4b 4b
2—1d—dcot(bx+a) Id dcm(bx+a)J
IIn(Id —dcot(b 1 IIn| ]l = — — ———— | In(Id +dcot(b
B ( cot(bx+a)) n( 21d+2 J _ lin(ld+dcot(bx+a))? | n( 2 2 n(ld +dcot(bx +a))
4b 8b 4b
_1d  dcot(bx+a) Id | dcot(bx+a) . Id | dcot(bx+a)
- Iln(l > - 5 )ln( > +—2 ) ~ Idllog( > +—2
4b 4b

Problem 97: Result more than twice size of optimal antiderivative.
Jxarctanh(a + bty dx

Optimal (type 4, 195 leaves, 9 steps):



bfdx+c bfdx-i-c fdx+c bfdx-i-c
(1 —a—bf¥te) +x21n(1+a+bfdx+c) +x21“[1 1—a ) “ln (1+ | +a +xp01ylog ) xpolylog| 2, - =/ ——
. 7 7 4 2din f) 2dIn(f)
x+c x+c
polylog( fd ) polylog[3 - fd J
_ 1 +a
2d% In( f) 2d%In(f)?
Result (type 4, 575 leaves):
bfdx+c bfdx+c bfdx+c bfdx+c
le[l——) 1[1—— In| 1 — ¢ lylog| 2
2in(1+a+b51¢)  2in(1 —a—bpr+e) n = ), n |~ xc+ n = xpolylog| 2, =—
4 4 4 2d 442 2dIn(f)
fdx"'c xte . AT q—1 AT a—1
polylog( c B polylog| 3, - c21n (1—a—b fdx-‘rc B cdilog I B cln I X
21In(f) d2 2d*In(f)? 4 d* 21n(f) d 2d
x+c _ x+c x+c x+c x+c
CZIH(MJ ln(l—Lsz ln[l—L)x ln[l—L) polylog( fd )
_ -1+a _ -1 —a _ -1 —a _ -1 —a —a
2d? 4 2d 447 2ln(f)d
fdx+c) [ x+cj ) [ 1+a+bfdx+c) [ 1+a+bfdx+c)
lyl lylog| 3, —F—— dil _— In| ———
_poyog( a ) POVORL T ) (a8 1 +a +c“ 1 +a *
21n(f) d? 21n(f) % d? 4 &% 21In(f) d 2d
czln( 1+a+bﬂx+0)
i 1 +a
2d?

Summary of Integration Test Results

698 integration problems




HoQw >

409 optimal antiderivatives

175 more than twice size of optimal antiderivatives
0 unnecessarily complex antiderivatives

113 unable to integrate problems

1 integration timeouts



